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Abstract: We analyze the structure of the stress-energy tensor correlation functions in
Lifshitz field theories and construct the corresponding anomalous Ward identities. We de-
velop a framework for calculating the anomaly coefficients that employs a split dimensional
regularization and the pole residues. We demonstrate the procedure by calculating the free
scalar Lifshitz scale anomalies in 2 + 1 spacetime dimensions. We find that the analysis of
the regularization dependent trivial terms requires a curved spacetime description without
a foliation structure. We discuss potential ambiguities in Lifshitz scale anomaly definitions.
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1 Introduction
Lifshitz scale symmetry is a symmetry under which space and time scale differently,
t→ λzt, xi → λxi, i = 1, . . . , d , (1.1)
where z is the dynamical critical exponents which represents the anisotropy between space
and time, and d is the number of spatial dimensions. Non-relativistic field theories that
exhibit a Lifshitz scale symmetry have attracted much attention in recent years. In nature
Lifshitz scaling is a property of certain low energy systems of condensed matter, which
exhibit quantum criticality (see for example [1]). The study of holographic Lifshitz systems
has been initiated e.g. in [2, 3]
Similary to the relativistic trace anomalies (for brief reviews see e.g. [4, 5]), non-
relativistic quantum field theories may exhibit Lifshitz scale anomalies, where the classical
Lifshitz symmetries are broken by the quantum corrections. A cohomological analysis pro-
vides a general framework to determine the possible structures of Lifshitz scale anomalies
[6–9] (see also [10, 11] for a z = 2 example). Naturally, it is of importance to calculate the
anomaly coefficients, which carry information about the quantum field theory. A heat ker-
nel calculation of anomaly coefficients of a Lifshitz scalar in 2+1 spacetime dimensions has
been performed in [11], and in 3 + 1 dimensions using a different regularization scheme in
[12]. The aim of this work is to develop a general scheme for such field theory calculations.
In order to do that we will first analyze the general structure of correlation functions of
the stress-energy tensor in Lifshitz field theories and analyze the corresponding anomalous
Ward identities. We will encounter a subtle ambiguity in the definition of the anomaly
coefficients and will clarify its meaning. Next, we will develop a general framework for
calculating the anomaly coefficients. It consists of two elements: a split dimensional regu-
larization [13, 14] where space (momentum) and time (frequency) integrals are regulated
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separately, and pole residue calculations [15] that allow to extract the anomaly coefficients
without a full calculation of the correlation functions. In order to demonstrate the power
of the latter we will calculate using the pole residues the trace anomaly coefficients of a
relativistic scalar in two and four spacetime dimensions and obtain the known results. We
will then apply the complete framework to calculate the anomaly coefficients of a Lifshitz
scalar in 2 + 1 spacetime dimensions. The results agree with the heat kernel calculation
[11]. Following the discussion in [7], we will show that the analysis of the regularization de-
pendent trivial terms arising from this calculation requires a curved spacetime description
that violates the Frobenius condition (and therefore has no foliation structure).
This paper is organized as follows. In section 2 we present the Ward identities corre-
sponding to the symmetries of the field theories we consider, in terms of the expectation
value of the conserved currents in curved spacetime, and in terms of the flat space cor-
relation functions of the stress-energy tensor. We also discuss a possible ambiguity in
the Lifshitz anomaly coefficients. In section 3 we explain the method by which we use
split dimensional regularization to extract the Lifshitz anomaly coefficients from the flat
space field theory correlation functions. In both sections we start by reviewing the case
of a conformal field theory and then discuss the Lifshitz case. In section 4 we apply the
aforementioned method of extracting scale anomaly coefficients from the pole residues of
correlation functions in dimensional regularization to calculate the trace anomaly coeffi-
cients for a free relativistic scalar, both in two and four spacetime dimensions. In section 5
we use this method in its split dimensional regularization version to calculate the anomaly
coefficients for a z = 2 free Lifshitz scalar in 2 + 1 dimensions. We conclude in section 6.
2 Ward Identities and Correlation Functions
In this section we present the form of the Ward identities corresponding to the symmetries
of the field theories we consider, both in terms of the expectation values of the conserved
currents over curved spacetime, and of the flat space correlation functions of these currents.
These include the anomalous scaling symmetry as well as the other symmetries that are
assumed to be non-anomalous. The anomalous Ward identities will later be used to extract
the anomaly coefficients from the flat space correlation functions. We start by reviewing
the conformal case, and then discuss the Lifshitz (non-relativistic) case.
2.1 Review of the Conformal Case
2.1.1 Symmetries and Ward Identities In Curved Spacetime
Consider a conformal field theory in d dimensions. The theory can be coupled to a curved
spacetime manifold equipped with a background metric gµν (or alternatively vielbein struc-
ture eaµ). Suppose this theory is described by the classical action S(gµν , {φ}), where {φ}
stands for the dynamic fields of the theory. This action reduces to the flat space action of
the theory when gµν → ηµν , and is invariant under the following symmetries:
1. Diffeomorphisms, given by:
δDξ gµν = ∇µξν +∇νξµ, (2.1)
– 2 –
or in vielbein notation (here we also include local Lorentz transformations):
δDξ e
a
µ = ξ
ν∇νeaµ +∇µξνeaν , δLαeaµ = −αabebµ. (2.2)
2. Weyl transformations, given by:
δWσ gµν = 2σgµν , δ
W
σ e
a
µ = σe
a
µ. (2.3)
The stress-energy tensor is defined as the variation of the action with respect to the
metric:
Tµν =
2√|g| δSδgµν , (2.4)
where g ≡ det gµν . The stress-energy tensor satisfies classical Ward identities corresponding
to the above symmetries. From diffeomorphism invariance (and local Lorentz invariance)
we have the conservation and symmetry of the stress-energy tensor:
∇µTµν = 0, Tµν = T νµ, (2.5)
and from Weyl invariance we get the traceless property:
Tµµ = 0. (2.6)
When conformal anomalies are present, the expectation value of the stress-energy tensor
no longer satisfies identity (2.6). Instead it is modified:
〈Tµµ 〉 = A, (2.7)
where A(gµν) is a local scalar function of the metric. The possible form of A is restricted
by the Wess-Zumino consistency condition to a linear combination of possible expressions
(see e.g. [5, 16–19] for details): the Euler density of the background manifold Ed (A-
type anomaly), the various Weyl invariant densities of the manifold (B-type anomalies)
and other terms that can be cancelled by adding local counterterms to the curved space
effective action of the theory (trivial terms).
In d = 2 dimensions, the only such expression is the Euler density E2 = R (where R
is the Ricci scalar of the manifold), so that:
A = βR. (2.8)
In d = 4 dimensions, these expressions consist of the Euler density E4 (A-type anomaly),
the Weyl tensor squared W 2 (B-type anomaly) and R (trivial term):
A = βaW 2 + βbE4 + βcR. (2.9)
While these expressions are universal, the value of their coefficients depends on the content
of the theory. Note that the coefficients of the trivial terms may depend on the regular-
– 3 –
ization scheme, but those of the anomalies are regularization independent. One method
to obtain the value of these coefficients is to extract them from the flat space n-point
correlation functions of the stress-energy tensor.
For later reference, for a free scalar in d = 2 dimensions, the anomaly coefficient has
been determined to be (see e.g. [20]):
β = − 1
48pi
. (2.10)
For a free scalar in d = 4 dimensions, the coefficients have been determined to be1 (see
[4, 21–25] and references therein):
βa =
3
2
1
2880pi2
, βb = −1
2
1
2880pi2
, βc =
1
2880pi2
. (2.11)
2.1.2 Ward Identities For Correlation Functions
We denote by W (gµν) the effective action of the conformal field theory on curved spacetime,
defined by:
eiW (gµν) ≡
∫
Dφei S(gµν), (2.12)
where φ stands for the dynamic fields in the theory. Two types of correlation functions can
be defined for the stress-energy tensor: First, the connected Feynman n-point correlation
functions, given by the expectation value2:
〈O1(x1) . . .On(xn)〉F ≡
1
Z0
∫
DφO1(x1) . . .On(xn) ei S − Non-connected terms,
(2.13)
where O1, . . . ,On are local functions of the dynamic and the background fields, and Z0 is
the flat space partition function. Alternatively, one may define the correlation functions as
variations of the effective action W with respect to the metric:
〈Tµ1ν1 (x1) . . . Tµnνn (xn)〉W ≡
(−i)n−12n√|g(x1)| . . .√|g(xn)| δ
nW
δgµ1ν1 (x1) ...δgµnνn (xn)
. (2.14)
We will refer to these as the variational correlation functions. Since the stress-energy tensor
itself depends on the metric, these two types of correlation function do not coincide. One
obtains the following relations between the two types of two point functions and three point
functions in flat spacetime3 (see [24]):
〈Tµν(x)T ρσ(y)〉W = 〈Tµν(x)T ρσ(y)〉F , (2.15)
1The coefficient βc here corresponds to a dimensional regularization scheme. The values cited here of
the coefficients β, βa, βb, βc correspond to our conventions for the definitions of the stress-energy tensor and
the Riemann tensor.
2In the following sections we may omit the F subscript when referring to Feynman correlation functions.
3In deriving these formulas, one point functions have been dropped as they correspond to massless
“tadpole” diagrams and therefore vanish in the flat space limit in a dimensional regularization scheme.
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〈Tµν(x)T ρσ(y)Tαβ(z)〉W = 〈Tµν(x)T ρσ(y)Tαβ(z)〉F
− 8i
[〈
δ2S
δgµν(x)δgρσ(y)
δS
δgαβ(z)
〉
F
+
〈
δ2S
δgµν(x)δgαβ(z)
δS
δgρσ(y)
〉
F
+
〈
δ2S
δgρσ(y)δgαβ(z)
δS
δgµν(x)
〉
F
]
.
(2.16)
The Ward identities satisfied by the variational correlation functions can be obtained
by taking derivatives of the curved spacetime Ward identities (2.5)–(2.6) (or (2.7) in the
presence of conformal anomalies) with respect to the background metric. These identities
have been derived in [24–26] for Euclidean signature. We repeat them here modified to
our use of Lorentzian signature. For diffeomorphism invariance, one obtains the following
identities for two and three point correlation functions:
∂xν 〈Tµν(x)T ρσ(y)〉W = 0, (2.17)
∂xν 〈Tµν(x)T ρσ(y)Tαβ(z)〉W
+ i
[
〈T ρσ(x)Tαβ(z)〉W ∂µδ(x− y) + 〈Tαβ(x)T ρσ(y)〉W ∂µδ(x− z)
]
− i
[
ηµρ〈T νσ(x)Tαβ(z)〉W + ηµσ〈T νρ(x)Tαβ(z)〉W
]
∂νδ(x− y)
− i
[
ηµα〈T νβ(x)T ρσ(y)〉W + ηµβ〈T να(x)T ρσ(y)〉W
]
∂νδ(x− z) = 0.
(2.18)
For the (anomalous) Weyl invariance, one obtains the following identities:
ηµν 〈Tµν(x)T ρσ(y)〉W = −2i
δA(x)
δgρσ(y)
∣∣∣∣
flat
, (2.19)
ηµν〈Tµν(x)T ρσ(y)Tαβ(z)〉W − 2i〈T ρσ(y)Tαβ(z)〉W [δ(x− y) + δ(x− z)]
+ iηρσηµν〈Tµν(x)Tαβ(z)〉W δ(x− y) + iηαβηµν〈Tµν(x)T ρσ(y)〉W δ(x− z)
= −4 δ
2A(x)
δgρσ(y)δgαβ(z)
∣∣∣∣
flat
.
(2.20)
Using identities (2.19)–(2.20), one can extract the conformal anomaly coefficients from the
flat space correlation functions.
2.2 The Lifshitz Case
2.2.1 Symmetries and Ward Identities In Curved Spacetime
Consider a non-relativistic field theory in d+ 1 spacetime dimensions with a Lifshitz scale
symmetry of the form (1.1). Assume this theory can be coupled to a curved spacetime
manifold equipped with a metric gµν (or alternatively vielbein structure e
a
µ) and a 1-form
tα corresponding to the time direction at each point (or the normalized nα: nαn
α = −1), as
described in [6, 7] 4. Suppose this theory is described by the classical action S(gµν , tα, {φ}),
where {φ} are the dynamic fields of the theory (or alternatively S(eaµ, tα, {φ}) in vielbein
4As in [7] we do not assume that tµ satisfies the Frobenius condition. This description is therefore more
general than one using an ADM-like decomposition.
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formalism). Further assume that this action can be defined such that it reduces to the flat
space action of the theory when5 gµν → δµν = diag(−1, 1, 1, . . .), tα → (1, 0, 0 . . .), and is
invariant under the following symmetries:
1. Time-direction preserving diffeomorphisms (TPD). These are the curved spacetime
generalization of space rotations. As explained in [6, 7], in our covariant notation
these take the form of standard diffeomorphisms, given by:
δDξ gµν = ∇µξν +∇νξµ, δDξ tα = Lξ tα = ξβ∇βtα +∇αξβtβ, (2.21)
or in vielbein notation (here we also include local Lorentz transformations):
δDξ e
a
µ = ξ
ν∇νeaµ +∇µξνeaν , δDξ ta = ξν∇νta,
δLαe
a
µ = −αabebµ, δLα ta = −αabtb.
(2.22)
2. Anisotropic Weyl transformations. These are the local generalization of Lifshitz scal-
ing, given by:
δWσ tα = 0, δ
W
σ (g
αβtαtβ) = −2σz(gαβtαtβ),
δWσ Pαβ = 2σPαβ, δ
W
σ nα = zσnα, δ
W
σ n
α = −zσnα, (2.23)
where Pµν = gµν + nµnν is the spatial projector, or alternatively using the vielbeins:
δWσ (nae
a
µ) = zσnae
a
µ, δ
W
σ (P
a
b e
b
µ) = σP
a
b e
b
µ,
δWσ t
b = −zσtb, δWσ nb = 0.
(2.24)
We define various field theory currents as the variation of the action with respect to
the background fields. The stress-energy tensor can be defined in two possible ways, either
using the metric or vielbein descriptions:
Tµν(g) ≡
2√|g| δSδgµν
∣∣∣∣∣
tα
, T(e)
µ
a ≡ 1
e
δS
δeaµ
∣∣∣∣
ta
. (2.25)
We also define the variation of the action with respect to the time direction 1-form:
Jα ≡ 1√|g| δSδtα
∣∣∣∣∣
gµν
=
1
e
ebα
δS
δtb
∣∣∣∣
eaµ
, (2.26)
as well as its normalized version:
Jˆα ≡
√
|gµνtµtν |Jα , (2.27)
Note that unlike the relativistic case, these two definitions of the stress-energy tensor do
5See appendix A for our notations and conventions.
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not coincide. Instead they are related by the following identity:
Tµν(e) = T
µν
(g) + J
µtν . (2.28)
From the symmetries and these definitions, one can obtain the classical Ward identities
these currents satisfy over curved spacetime (see [6, 7]). From TPD invariance follow the
identities:
∇µTµ(g)ν = Jˆµ∇νnµ −∇µ(Jˆµnν), (2.29)
or equivalently in terms of Tµν(e) :
T(e)[µν] = Jˆ[µnν],
∇µT(e)µν = Jˆµ∇νnµ.
(2.30)
These identities imply that in the flat spacetime limit, Tµν(g) is symmetric but not conserved,
while Tµν(e) is conserved but not symmetric. The latter then corresponds to the conserved
energy and momentum currents of the flat space theory, and we therefore choose to use it
and the vielbein description in the following sections6.
From anisotropic Weyl symmetry, one obtains the following Ward identity:
D ≡ DµνT (g)µν = DµνT (e)µν = 0, (2.31)
where Dµν ≡ Pµν − z nµnν . Note that similarly to the relativistic case, assuming that a
Weyl-invariant coupling of the theory to curved spacetime exists is equivalent to assuming
that the flat space stress-energy tensor can be improved to satisfy equation (2.31) (and
still remain conserved).
In a field theory for which TPD invariance is not anomalous, the expectation value of
the stress-energy tensor satisfies the Ward identities (2.30). However, when the Lifshitz
scaling symmetry is anomalous, its expectation value no longer satisfies identity (2.31).
Instead it is modified:
〈D〉 ≡ Dµν〈T (e)µν 〉 = A, (2.32)
where A(eaµ, ta) is a TPD invariant and local function of the background fields. The
possible form of A is restricted by the Wess-Zumino consistency condition to a linear
combination of possible expressions (analogous to E4, W
2 and R of the (3+1)-dimensional
conformal case), and was obtained for several cases in [6–8, 10, 11]. While these expressions
are universal, the value of their coefficients depends on the content of the theory. Like
the conformal case, the coefficients of the trivial terms may depend on the regularization
scheme, but those of the anomalies are regularization independent. Our goal in this work is
to extract these coefficients from the flat space n-point correlation functions of the stress-
energy tensor.
For the case of a Lifshitz field theory in 2 + 1 dimensions with z = 2, which is the case
6In the following sections we omit the (e) subscript for brevity, so that Tµν(e) will be denoted simply as
Tµν .
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we study in section 5, it was shown in [7] that generally (when the Frobenius condition is
not assumed) the possible expressions in A consist of an infinite set of linearly independent
anomalies and trivial terms, with increasing number of derivatives. However, the only
anomalies that possibly contribute to the three point correlation functions of the stress-
energy tensor (and therefore relevant to the calculations we perform here) are given by the
following expressions:
A(2,0,0) = Tr(K2S)−
1
2
K2S , (2.33)
in the two derivatives sector, and:
A(0,4,0)2 =KALn 2KA +KAKSLnKA,
A(0,4,0)3 = K˜αβS (aα∇¯βKA + ∇¯α∇¯βKA),
A(0,4,0)4 =
(
R̂+ ∇¯αaα
)2
,
(2.34)
in the four derivatives sector. The various geometrical structures in these expressions are
defined as follows:
• (KS)µν ≡ 12Ln Pµν is a generalization of the extrinsic curvature of the foliation in-
duced by nµ to the non-Frobenius case. We also define KS ≡ (KS)µµ, Tr(K2S) ≡
(KS)µν(KS)
µν and (K˜S)αβ ≡ ¯(αγ KSβ)γ , where ¯µν ≡ nααµν .
• (KA)µν ≡ Pµ
′
µ P ν
′
ν ∇[µ′nν′] is antisymmetric and vanishes when nµ satisfies the Frobe-
nius condition. We also define KA ≡ 12KAµν ¯µν .
• aµ ≡ Ln nµ is the acceleration vector associated with nµ.
• ∇¯µ is a space projected covariant derivative.
• R̂ is a generalization of the Ricci scalar of the foliation induced by nµ to the non-
Frobenius case.
For further discussion and more detailed definitions see [7] and appendix B. The possible
trivial terms relevant to our calculations are listed in appendix E.
2.2.2 Ward Identities For Correlation Functions
Let us denote by W (eaµ, t
a) the effective action of the Lifshitz field theory on curved
spacetime, defined by:
eiW (e
a
µ,ta) =
∫
Dφei S(e
a
µ,tα,{φ}), (2.35)
where φ again stands for the dynamic fields in the theory. We define two types of correlation
functions for the stress-energy tensor. First, the connected Feynman n-point correlation
functions, defined similarly to the relativistic case (2.13), where O1, . . . ,On are local func-
tions of the dynamic and the background fields, and Z0 is the flat space partition function.
Alternatively, we define the correlation functions given by variations of the effective action
– 8 –
W with respect to the background fields:
〈Tµ1a1(x1) . . . Tµnan(xn)〉W ≡ (−i)n−1
1
e(x1)
. . .
1
e(xn)
δnW
δea1µ1(x1) . . . δe
anµn(xn)
. (2.36)
We will refer to these as the variational correlation functions. Like the relativistic case,
these two definitions for the correlation functions do not coincide, since the curved space
field theory currents depend on the background fields. Instead these two types of correlation
functions are related via relations, that are obtained by differentiating equation (2.35). For
the two and three point functions, one obtains:
〈Tµa(x)T ρb(y)〉W = −
i
e(x)e(y)
〈
δ2S
δeaµ(x)δebρ(y)
〉
F
+ 〈Tµa(x)T ρb(y)〉F , (2.37)
〈Tµa(x)T ρb(y)Tαc(z)〉W = −
1
e(x)e(y)e(z)
〈
δ3S
δeaµ(x)δebρ(y)δecα(z)
〉
F
− i
e(x)e(y)
〈
δ2S
δeaµ(x)δebρ(y)
Tαc(z)
〉
F
− i
e(x)e(z)
〈
δ2S
δeaµ(x)δecα(z)
T ρb(y)
〉
F
− i
e(y)e(z)
〈
δ2S
δebρ(y)δecα(z)
Tµa(x)
〉
F
+ 〈Tµa(x)T ρb(y)Tαc(z)〉F .
(2.38)
In the flat space limit, these relations reduce to the following:7
〈Tµa(x)T ρb(y)〉W = 〈Tµa(x)T ρb(y)〉F , (2.39)
〈Tµa(x)T ρb(y)Tαc(z)〉W = 〈Tµa(x)T ρb(y)Tαc(z)〉F − i
〈
δ2S
δeaµ(x)δebρ(y)
Tαc(z)
〉
F
− i
〈
δ2S
δeaµ(x)δecα(z)
T ρb(y)
〉
F
− i
〈
δ2S
δebρ(y)δecα(z)
Tµa(x)
〉
F
.
(2.40)
These relations make it clear that, while the flat space Feynman correlation functions
depend only on the field theory currents (given as the first derivative of the action with
respect to the background fields), the variational correlation functions depend on higher
derivatives of the action as well. The implication is that, if there is more than one way
to couple the field theory to curved spacetime while preserving all symmetries discussed
in subsection 2.2.1 and leaving the flat space currents the same, then any such coupling
would produce the same Feynman correlation functions but different variational correlation
functions. As we will show, this leads to a possible ambiguity in the relation between the
flat space Feynman correlation function and the consistent anomalies obtained from the
Wess-Zumino analysis, which does not occur in the relativistic case.
One method to derive Ward identities directly for the flat space Feynman correlation
functions is via a change of variables in the path integral. Suppose that the operator δ
implements an infinitesimal transformation that corresponds to a symmetry of the theory,
and transforms both the dynamic and the background fields so that δS = 0. Let δdyn
7Note that the one point functions correspond to “tadpole” diagrams with no dimensionful parameter,
and therefore vanish in the flat space limit.
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denote an operation that transforms only the dynamic fields, leaving the background fields
unchanged, and similarly let δbg transform only the background fields, so that the following
is satisfied:
δdynφ = δφ, δdyne
a
µ = 0, δdynt
a = 0,
δbgφ = 0, δbge
a
µ = δe
a
µ, δbgt
a = δta,
(2.41)
and δ = δdyn + δbg. These operators are explicitly given by:
δdyn =
∫
δφ
δ
δφ
∣∣∣∣
eaµ,ta
, δbg =
∫
δeaµ
δ
δeaµ
∣∣∣∣
φ,ta
+ δta
δ
δta
∣∣∣∣
φ,eaµ
. (2.42)
By performing a change of variables φ → φ˜ = φ + δφ in the path integral (2.13), and
assuming for now that that the symmetry corresponding to δ is non-anomalous (so that
the change of integration measure does not contribute in the context of the dimensional
regularization scheme we are using here), we obtain:∫
Dφδdyn
[O1(x1) . . .On(xn) ei S] = 0. (2.43)
Noting that δdynS = −δbgS, the following identity can then be derived:
〈(δbgS)O1(x1) . . .On(xn)〉F + i 〈δdynO1(x1) . . .On(xn)〉+ . . .
+ i 〈O1(x1) . . . δdynOn(xn)〉 = 0. (2.44)
Using TPD (as given in (2.22)) in identity (2.44) and choosing ξσ(w) = δσa δ(w−x), we get
the following Ward identities for the flat space two and three point Feynman correlation
functions of the stress-energy tensor:8
(I(2)D )ρab(x, y) ≡ 〈(∂µTµa(x))T ρb(y)〉F = 0, (2.45)
(I(3)D )ραabc(x, y, z) ≡ 〈(∂µTµa(x))T ρb(y)Tαc(z)〉F − i
〈
(δDdynT
ρ
b)(x, y)T
α
c(z)
〉
F
− i 〈T ρb(y)(δDdynTαc)(x, z)〉F = 0, (2.46)
where for a scalar field φ, for example, we have (δDdynφ)(x,w) = δ(w−x)∂aφ(w). Similarly,
when applying identity (2.44) to the anisotropic Weyl transformation (2.24) and setting
σ(w) = δ(w−x), we obtain the following identities for the flat space correlation functions:
(I(2)W )ρb(x, y) ≡ 〈D(x)T ρb(y)〉F = 0, (2.47)
(I(3)W )ραbc (x, y, z) ≡ 〈D(x)T ρb(y)Tαc(z)〉F + i
〈
(δWdynT
ρ
b)(x, y)T
α
c(z)
〉
F
+ i
〈
T ρb(y)(δ
W
dynT
α
c)(x, z)
〉
F
= 0,
(2.48)
where for a Lifshitz scalar9 φ we have (δWdynφ)(x,w) =
(
z−d
2
)
δ(w−x)φ(w). In the presence
8See appendix A.3 for details on our notations for the Ward identities.
9Here and in the following sections, “Lifshitz scalar” will refer to a scalar φ with a second order time
derivative kinetic term in the action as used in section 5, so that it has a Lifshitz dimension of [φ] = d−z
2
.
– 10 –
of Lifshitz scaling anomalies, expressions (2.47)–(2.48) will not vanish, and in general will
be equal to some linear combinations of contact terms instead.
An alternative method to derive the Ward identities for the variational correlation
functions is by taking derivatives of the curved spacetime Ward identities (2.30) and (2.31)
(or (2.32) in the presence of Lifshitz anomalies) with respect to the background fields. This
method allows one to directly relate the flat space correlation functions to derivatives of
the consistent anomalies as derived in [7], and extract the anomaly coefficients. Taking the
first and second derivatives of identity (2.32) in the flat space limit, we obtain the following
Ward identities for the two and three point variational correlation functions:
(W(2)W )ρb(x, y) ≡ Daµ 〈Tµa(x)T ρb(y)〉W = −i
δA(x)
δebρ(y)
∣∣∣∣
flat
, (2.49)
(W(3)W )ραbc (x, y, z) ≡ Daµ 〈Tµa(x)T ρb(y)Tαc(z)〉W
− i(δρµDab − δρbDaµ)δ(x− y) 〈Tµa(x)Tαc(z)〉W
− i(δαµDac − δαcDaµ)δ(x− z) 〈Tµa(x)T ρb(y)〉W
= − δ
2A(x)
δebρ(y)δecα(z)
∣∣∣∣
flat
.
(2.50)
Using the relations (2.39)–(2.40) in these expressions, W(2)W ,W(3)W can be written as linear
combinations of the expressions in the Ward identities (2.47)–(2.48) and other expressions
that vanish in the absence of Lifshitz anomalies:
(W(2)W )ρb(x, y) = (I(2)W )ρb(x, y), (2.51)
(W(3)W )ραbc (x, y, z) = (I(3)W )ραbc (x, y, z)− iJ ραbc (x, y, z)− iJ αρcb (x, z, y)
+ iδρb δ(x− y)(I(2)W )αc (x, z) + iδαc δ(x− z)(I(2)W )ρb(x, y)
− iKραbc (x, y, z),
(2.52)
where J ραbc (x, y, z) and Kραbc (x, y, z) are given by:
J ραbc (x, y, z) ≡ Daµ
〈
δ2S
δeaµ(x)δebρ(y)
Tαc(z)
〉
F
+Dab δ(x− y) 〈T ρa(x)Tαc(z)〉F
+
〈
(δWdynT
ρ
b)(x, y)T
α
c(z)
〉
F
,
(2.53)
Kραbc (x, y, z) ≡
〈
D(x)
δ2S
δebρ(y)δecα(z)
〉
F
. (2.54)
When no anomalies are present, the expressions I(2)W , I(3)W and K are expected to vanish
due to identity (2.44). The expression J can also be shown to vanish in this case, by noting
that:10 〈
(δWbg + δ
W
dyn − δW )T ρb(x, y)Tαc(z)
〉
F
= 0, (2.55)
10Like the Ward identities (2.47)–(2.50), this identity may acquire contact terms on its RHS after a
renormalization procedure.
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and using the following expression for (δWbgT
ρ
b)(x, y) (where again σ(w) = δ(w − x)):
(δWbgT
ρ
b)(x, y) = D
a
µ
δT ρb(y)
δeaµ(x)
∣∣∣∣
flat
= Daµ
δ2S
δeaµ(x)δebρ(y)
∣∣∣∣
flat
− (d+ z)δ(x− y)T ρb(y), (2.56)
and the anisotropic Weyl scaling properties of T ρb:
(δWT ρb)(x, y) = −(d+ z)δ(x− y)T ρb(y)−Dab δ(x− y)T ρa(y). (2.57)
This scaling property can be derived by using the definition of the stress-energy tensor
(2.25), expressing the operator δW in terms of the anisotropic Weyl transformations of the
background and dynamic fields as in (2.42), exchanging the order of derivatives and using
the anisotropic Weyl invariance of the classical action S.11
2.2.3 Ambiguity of the Anomaly Coefficients?
As mentioned earlier, unlike the relativistic case, the relation between the flat space Feyn-
man correlation functions and the Lifshitz anomaly coefficients (that is, the coefficients on
the RHS of equation (2.32) of the various anomalous terms as obtained from the Wess-
Zumino consistency conditions) may be ambiguous in some cases. This is due to the Weyl
invariant coupling of the theory to curved spacetime being non-unique.
As an example, consider any Lifshitz invariant theory for which d = z, that contains
a real Lifshitz scalar φ, so that the field φ is dimensionless. In the absence of anomalies,
one expects the two point function
〈
D(x)φ2(y)
〉
F
to vanish. When Lifshitz anomalies are
present, it will instead be equal to some contact term, and from dimensional analysis we
have: 〈
D(x)φ2(y)
〉
F
= ic δ(x− y), (2.58)
where c is some constant.
Suppose that A0(eaµ, ta) is any local functional of the background fields with the
following 2 properties:
1. A0 is second order in the background fields, that is A0|flat = δA0δeaµ
∣∣∣
flat
= δA0δta
∣∣∣
flat
= 0,
but δ
2A0
δeaµδebρ
∣∣∣
flat
6= 0.
2. A0 is a Weyl invariant density of dimension d+ z, that is:
δWσ A0 = −(d+ z)σA0. (2.59)
Next, consider adding to the curved spacetime classical action S(eaµ, t
a) a term of the
form:
S0 ≡
∫
dd+1w eA0(w)φ2(w). (2.60)
11This derivation assumes that the anisotropic Weyl transformation of the dynamic fields δWφ does not
explicitly depend on the vielbeins eaµ. This is indeed the case whenever the dynamic fields transform
covariantly under anisotropic Weyl transformations, i.e. δWφ = sσφ for some s.
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The new action S˜ = S + S0 is still invariant under TPD and anisotropic Weyl transfor-
mations, and it coincides with S in flat spacetime. Moreover, the flat spacetime conserved
currents derived from S˜ (including the stress-energy tensor) are the same as those derived
from S. As a result, the anomalous Ward identity expressions I(2)W , I(3)W (as defined in
(2.47)–(2.48)) remain unchanged in flat spacetime. However, expressionW(3)W does change.
Due to the assumed properties of A0, the term S0 satisfies:
Daµ
δ2S0
δeaµ(x)δebρ(y)
∣∣∣∣
flat
= 0, (2.61)
and therefore does not contribute to J (as defined in (2.53)) either. The only contribution
of S0 to the anomalous identity W(3)W is from the expression K (as defined in (2.54)). It
follows that the change in W(3)W due to the S0 term is given by:
(∆W(3)W )ραbc (x, y, z) = −i
〈
D(x)
δ2S0
δebρ(y)δecα(z)
〉
F
= −i
∫
dd+1w
δ2A0(w)
δebρ(y)δecα(z)
〈
D(x)φ2(w)
〉
F
= −i
∫
dd+1w
δ2A0(w)
δebρ(y)δecα(z)
icδ(x− w)
= c
δ2A0(x)
δebρ(y)δecα(z)
.
(2.62)
If we choose A0 = aA˜, where A˜ is a possible B-type anomaly of the theory and a is a
constant, we conclude that S0 contributes an additional −ac to the coefficient of the A˜
anomaly, without changing the action or the current operators of the flat space theory.12
The freedom to add such a term to the action and thereby change the corresponding
anomaly coefficient was previously pointed out in [27] for a purely spatial anomaly of a
free Lifshitz scalar in d = z = 2, but it is in fact more general. It could be applied, for
example, to any of the consistent anomalies in the d = z = 2 case (which are all B-type,
see [6, 7, 10, 11]), for any theory that contains a Lifshitz scalar. This freedom may suggest
that, unlike the relativistic case, knowing the flat space action, the flat space currents
and their Feynman correlation functions is not enough in these cases to determine the
consistent anomaly coefficients – one needs to specify the full curved spacetime action, and
by choosing different couplings of the theory to curved spacetime one may obtain any value
for any of the B-type anomaly coefficients.
Stated differently, knowing all the Feynman correlation functions of the flat space field
theory is not sufficient in order to determine the curved spacetime action. In order to
construct the full curved spacetime action we have to know all the variational correlations
functions and the ambiguity is in the relation between these two types of correlation func-
tions, the variational and Feynman. This ambiguity can be avoided if we add another
ingredient to the discussion. The φ field in (2.60) is a Log-correlated field and is therefore
12In fact, the same argument can be made using the more general term S0 ≡
∫
dd+1w eA0(w)φn(w).
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ill defined when we take the large volume limit. Consistency of the quantum field theory
at infinite volume forbids such an operator in the correlation functions.13 The ambiguity
may still have consequences for field theories on a finite volume spacetime, or with other
modifications of the IR physics that take care of the Log divergence. We leave this for
future studies.
In the following sections, we use split dimensional regularization to calculate the Lif-
shitz anomaly coefficients for a free Lifshitz scalar in 2 + 1 dimensions and z = 2. The
above discussion implies that a specific coupling of the theory to curved spacetime needs
to be specified. However, since we are performing the calculation for a free theory in an
infinite volume and no physical IR regulator, we will use the minimal coupling (which is
Weyl invariant in this case) and will not allow for Weyl invariant couplings of the form
(2.60).
3 The Regularization and Renormalization Method
In this section we present the split dimensional regularization scheme we employ and explain
the method by which we use it to extract the Lifshitz anomaly coefficients from the field
theory correlation functions. We start by reviewing the relativistic conformal case for
reference, and then explain the non-relativistic Lifshitz case.
3.1 Review of Dimensional Regularization in the Conformal Case
3.1.1 Conformal Anomaly From Dimensional Regularization
In the standard relativistic dimensional regularization scheme, one defines the theory and
calculates various quantities in a general dimension d, and then analytically continues the
obtained expressions to dimension d = dphys − ε, where dphys is the physical dimension.
Suppose that I(n)(d, pi,m) is some n-point correlation function written in momentum space
and calculated to one-loop order in perturbation theory using the corresponding 1PI Feyn-
man diagrams, where pµi (i = 1, . . . , n) are external momenta and m is an IR mass regulator.
Generally after analytic continuation of the dimension, I(n) will take the form:
14
I(n)(ε, pi,m) =
1
ε
f(ε, pi,m), (3.1)
where f(ε, pi,m) is an expression which is regular around ε = 0, and is a linear combination
of terms of the form:
g(ε, pi,m) p
µ1
i1
pµ2i2 . . . η
ν1ν2ην3ν4 . . . , (3.2)
13We thank Z. Komargodski for this comment.
14Beyond one-loop order, one has to first cancel the possible subdivergences using the appropriate coun-
terterms. The pole in ε can then be of higher order. In the following sections we focus on a free theory,
and therefore on the one-loop case.
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where g(ε, pi,m) is a scalar expression. Expanding around ε = 0 we have:
I(n)(ε, pi,m) =
1
ε
f(0, pi,m) +
∂
∂ε
f(0, pi,m) +O(ε)
≡ 1
ε
I
(res)
(n) (pi,m) + I
(ren)
(n) (pi,m) +O(ε),
(3.3)
where I
(res)
(n) is the residue of the ε pole, and I
(ren)
(n) ≡ limε→0
[
I(n) − 1εI
(res)
(n)
]
is the renor-
malized correlation function.15 It is a well known property of relativistic field theories that
the residue I
(res)
(n) is always a polynomial in the external momenta and the mass regulator
(see for example [28–30]). This can be shown by taking derivatives of I(n) with respect to
the external momenta (and mass regulator) enough times so that the corresponding Feyn-
man diagram no longer diverges. As long as there are no IR divergences in the physical
dimension, one can safely take the limit m → 0 in I(ren)(n) to obtain the physical renor-
malized correlation function16 (the correlation functions of the stress-energy tensor in the
cases studied here are indeed free of IR divergences, even in d = 2 dimensions, as will be
explained in subsection 4.1.2).
A useful property of scale anomalies is that, in some cases, one can calculate them
from the ε pole residue alone: Suppose the theory has a symmetry (such as a scaling
symmetry) that is not explicitly broken by the dimensional regularization scheme itself,
with a corresponding Ward identity of the form:
T (ε) [Ik] = 0, (3.4)
where {Ik} is a set of correlation functions and T (ε) is a linear operator that takes ex-
pressions of the form (3.2) to expressions of the same form, and may or may not depend
on the dimension. Since the symmetry is not broken by dimensional regularization, the
unrenormalized correlation functions satisfy identity (3.4). Therefore we can deduce:
1
ε
T (ε)
[
I
(res)
k
]
= −T (ε)
[
I
(ren)
k
]
+O(ε). (3.5)
The anomalous Ward identity is then given by:
T (0)
[
I
(ren)
k
]
= − lim
ε→0
(
1
ε
T (ε)
[
I
(res)
k
])
. (3.6)
Since the LHS of equation (3.6) is finite, we can immediately draw two conclusions from
it:
1. T (ε)
[
I
(res)
k
]
∼ O(ε).
15We use a minimal subtraction renormalization scheme.
16If no IR divergences occur, I(n) is regular when m → 0, and I(res)(n) is polynomial in m and therefore
also regular. Therefore I
(ren)
(n) is regular in this limit too, and the order of taking the limit m → 0 and
renormalizing does not matter.
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2. If T does not depend on ε then T
[
I
(res)
k
]
= 0 and there is no anomaly. For exam-
ple, the operator T corresponding to diffeomorphism invariance does not explicitly
introduce new factors that depend on d, and therefore as long as the dimensional
regularization itself does not break this symmetry, it will not be anomalous.
3.1.2 Expansion in the External Momenta
Equation (3.6) allows one to calculate the anomalous Ward identity from the ε pole residue.
This is useful, since there is no need to calculate the full correlation functions in order to
extract their divergent part – it can be obtained simply by expanding the Feynman diagram
integrand in powers of the external momenta. Suppose the integrand is h(pi, q,m), where
q is the internal loop momentum and h has a mass dimension l and therefore satisfies:
h(λpi, λq, λm) = λ
lh(pi, q,m). (3.7)
Rescaling q and m by a factor of 1/λ where λ→ 0, we get:
h
(
pi,
q
λ
,
m
λ
)
= λ−lh(λpi, q,m). (3.8)
We next expand in powers of λ around λ = 0 to obtain:17
h
(
pi,
q
λ
,
m
λ
)
= λ−l
[
k0∑
k=0
λk
k!
pµ1i1 p
µ2
i2
. . . pµkik
∂kh
∂pµ1i1 ∂p
µ2
i2
. . . ∂pµkik
(0, q,m) +O(λk0+1)
]
=
k0∑
k=0
1
k!
pµ1i1 p
µ2
i2
. . . pµkik
∂kh
∂pµ1i1 ∂p
µ2
i2
. . . ∂pµkik
(
0,
q
λ
,
m
λ
)
+O(λk0−l+1).
(3.9)
Defining:
h˜(pi, q,m) ≡
k0∑
k=0
1
k!
pµ1i1 p
µ2
i2
. . . pµkik (h
(k))i1...ikµ1...µk(q,m), (3.10)
where
(h(k))i1...ikµ1...µk(q,m) ≡
∂kh
∂pµ1i1 ∂p
µ2
i2
. . . ∂pµkik
(0, q,m) , (3.11)
we conclude that the integral over h(pi, q,m) − h˜(pi, q,m) has a divergence degree18 of
d+ l−k0−1. If we choose k0 = dphys + l, the integral over h(pi, q,m)− h˜(pi, q,m) converges
in d = dphys dimensions, and therefore the integrals over h(pi, q,m) and h˜(pi, q,m) have
the same ε pole.
Thus in order to calculate the pole residue, the only integrals left to evaluate are the
ones over the expressions (h(k))i1...ikµ1...µk(q,m). Each of these expressions is a linear combina-
17Formally, this expansion is done after performing a Wick rotation to Euclidean signature, however one
obtains the same results by performing the expansion first and Wick rotating only in the last step when
evaluating the integrals (3.15).
18Note that m always appears alongside q in these 1PI diagrams, and therefore scaling q and m together
here still gives the correct divergence degree in q.
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tion of terms of the form:
ην1ν2ην3ν4 . . .
(q2)aqµ1qµ2 . . . qµb
[q2 −m2 + i]s . (3.12)
When performing the integration over q we may use the Lorentz symmetry of the integral
to make the standard replacement:
qµ1qµ2 . . . qµb ⇒

0, b = 2n− 1
n∏
j=0
1
d+2j G
(n)
µ1µ2...µ2n , b = 2n
, (3.13)
where G
(n)
µ1µ2...µ2n is a sum of all possible unique products of n metric factors, i.e.:
G(n)µ1µ2...µ2n = ηµ1µ2ηµ3µ4 . . . ηµ2n−1µ2n + All possible permutations. (3.14)
Using (3.13), the integral over h˜(pi, q,m) can be written in terms of the following known
integral (see e.g. [30–32]):
X(d, r, s,m) ≡
∫
ddq
(2pi)d
(
q2
)r
[q2 −m2 + i]s
=
i(−1)r−s
(4pi)d/2
Γ (r + d/2) Γ (s− r − d/2)
Γ (d/2) Γ (s)
(
m2
)r−s+d/2
,
(3.15)
where k = l − 2r + 2s ≤ dphys + l (so that dphys + 2r − 2s ≥ 0). Note that the integral
(3.15) contributes to the pole residue a term proportional to m2r−2s+dphys . Since terms
with 2r − 2s + dphys > 0 vanish in the m → 0 limit, one only needs to compute terms in
the expansion with 2r− 2s+ dphys = 0 (those of order k = dphys + l) in order to obtain the
ε pole residue. For these terms, the integral (3.15) has the following pole:
X(d, r, s,m) =
i(−1)r−s
ε
2
(4pi)dphys/2
Γ(r + dphys/2)
Γ(dphys/2)Γ(s)
+O(1). (3.16)
Using this procedure of expanding the Feynman diagram integrand in external momenta,
computing the pole residue via equations (3.13)–(3.16) and applying formula (3.6), one
can calculate the anomalous Ward identities corresponding to scale symmetry without
calculating the full correlation functions. This will be especially useful in the Lifshitz case,
where the Feynman diagrams are more difficult to fully evaluate.
3.2 Split Dimensional Regularization and the Lifshitz Case
3.2.1 Lifshitz Anomalies From Split Dimensional Regularization
In the non-relativistic case, in analogy to the relativistic case, we use a split dimensional
regularization scheme (first suggested in [13, 14] for regularizing gauge theories in the
Coulomb gauge). We follow the general scheme defined in [15], in the context of non-
relativistic field theories. We start by defining the theory in a general number of time
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dimensions dt and space dimensions ds (while keeping the critical dynamical exponent z
constant).
In flat spacetime, the theory is defined on a manifold M = Mt ×Ms, where Mt is
a dt-dimensional time manifold and Ms is a ds-dimensional space manifold, such that is
invariant both under rotations in the time manifold and in the space manifold separately.
Spacetime coordinates will be denoted by xµ = (xµˆ, xµ¯) where µˆ = 1, . . . , dt are time
indexes, µ¯ = 1, . . . , ds are space indexes and µ = 1, . . . , dt + ds are spacetime indexes. We
define a flat metric δˆµˆνˆ = diag(−1, . . . ,−1) on Mt, and δ¯µ¯ν¯ = diag(1, . . . , 1) on Ms. We
also define the time projector onM as δˆµν = diag(δˆµˆνˆ , 0) and similarly the space projector
as δ¯µν = diag(0, δ¯µ¯ν¯), so that δ
µ
ν = δˆ
µ
ν + δ¯
µ
ν . Given a vector vµ on M, we denote its time
projection by vˆµ ≡ δˆµν vν , and its space projection by v¯µ ≡ δ¯µν vν .19
Similarly to the relativistic case, we calculate various expressions for general dt and
ds values, and then analytically continue them to non-integer dimensions dt = 1 − εt
and ds = d
phys
s − εs, where dphyss is the number of physical space dimensions. Suppose
that I(n)(dt, ds, pi,m) is some n-point correlation function calculated to one-loop order in
perturbation theory using the corresponding 1PI Feynman diagrams, where pµi (i = 1, . . . n)
are external momenta and m is an IR mass regulator. Generally after analytic continuation
of the dimensions, I(n) will take the form (see [15]):
I(n)(εt, εs, pi,m) =
1
εlif
f(εt, εs, pi,m), (3.17)
where εlif ≡ zεt+εs and f(εt, εs, pi,m) is an expression which is regular around εt = εs = 0
and is a linear combination of terms of the form:
g(εt, εs, pi,m)pˆ
µ1
i1
pˆµ2i2 . . . p¯
ν1
j1
p¯ν2j2 . . . δˆ
ρ1ρ2 δˆρ3ρ4 . . . δ¯σ1σ2 δ¯σ3σ4 . . . , (3.18)
where g(εt, εs, pi,m) is a scalar expression (with respect to time and space rotations).
Since there are two different dimensional regularization parameters in this case, unlike
the relativistic case, in order to renormalize the expression one must choose a particular
way in which one takes the limit (εt, εs) → (0, 0), with each choice leading to a different
renormalized expression. Define ε˜(εt, εs) to be some coordinate on the two dimensional
regularization parameter space such that ε˜(0, 0) = 0 and such that the transformation
(εt, εs) → (εlif, ε˜) is regular and invertible around εt = εs = 0. Expanding f(εt, εs, pi,m)
in εlif while keeping ε˜ constant, we have:
I(n)(εlif, ε˜, pi,m) =
1
εlif
f(0, ε˜, pi,m) +
∂f
∂εlif
∣∣∣∣
ε˜
(0, ε˜, pi,m) +O(εlif)
=
1
εlif
f(0, ε˜, pi,m) +
∂f
∂εlif
∣∣∣∣
ε˜
(0, 0, pi,m) +O(εlif) +O(ε˜)
≡ 1
εlif
I
(res)
(n) (ε˜, pi,m) + I
(ren)
(n) (pi,m) +O(εlif) +O(ε˜),
(3.19)
19See Appendix A for our conventions and notations.
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where I
(res)
(n) is the residue of the εlif pole, and I
(ren)
(n) ≡ lim(εlif,ε˜)→0
[
I(n) − 1εlif I
(res)
(n)
]
is the
renormalized correlation function. Like the relativistic case, the residue I
(res)
(n) (ε˜) is a poly-
nomial in the external momenta and the mass regulator for any value of ε˜ (see [15]), and
therefore represents contact terms in coordinate space. This can be shown by taking deriva-
tives of I(n) with respect to the external momenta (and mass regulator) enough times so
that the corresponding Feynman diagram integral no longer diverges. As long as there are
no IR divergences in the physical dimension, one can safely take the limit m→ 0 in I(ren)(n)
to obtain the physical renormalized correlation function (the correlation functions of the
stress-energy tensor in the case studied here are indeed free of IR divergences, as will be
explained in section 5).
As mentioned earlier, the renormalized function I
(ren)
(n) depends on the choice of the
parameter ε˜ that is kept constant as we take the limit (εt, εs)→ (0, 0). Suppose we instead
choose a different parameter ε˜′(εt, εs), that corresponds to the renormalized correlation
function
(
I
(ren)
(n)
)′
. Then we have the following relation between I
(ren)
(n) and
(
I
(ren)
(n)
)′
:
I
(ren)
(n) =
∂f
∂εlif
∣∣∣∣
ε˜=const
(0, 0, pi,m)
=
∂f
∂εlif
∣∣∣∣
ε˜′=const
(0, 0, pi,m) +
∂f
∂ε˜′
∣∣∣∣
εlif=const
(0, 0, pi,m)
∂ε˜′
∂εlif
∣∣∣∣
ε˜=const
(0, 0)
=
(
I
(ren)
(n)
)′ − α ∂f
∂ε˜′
∣∣∣∣
εlif=const
(0, 0, pi,m),
(3.20)
where α ≡ − ∂ε˜′∂εlif
∣∣∣
ε˜
(0, 0). Note that, since f(0, ε˜′, pi,m) is a polynomial in pi and m for
any value of ε˜′, so is ∂f∂ε˜′
∣∣∣
εlif
(0, 0, pi,m). Therefore I
(ren)
(n) and
(
I
(ren)
(n)
)′
differ from each
other by contact terms, as expected from a change in the renormalization scheme. Also
note that the possible change in the renormalized expressions as a result of the choice of
ε˜ is completely described by the single parameter α. In order to account for all possible
choices, we leave α as a free parameter in our calculations, and use the following choice of
ε˜:
ε˜ = εt +
α
1 + zα
εs, (3.21)
which is chosen such that moving from ε˜ to ε˜′ = εt we get the factor ∂ε˜
′
∂εlif
∣∣∣
ε˜
= ∂εt∂εlif
∣∣∣
ε˜
= −α.
The inverse transformation from (εlif, ε˜) to (εt, εs) is given by:
εt = −αεlif + (1 + zα)ε˜,
εs = (1 + zα)(εlif − zε˜).
(3.22)
As in the relativistic case, we can calculate the Lifshitz scale anomaly coefficients from
the εlif pole residue. Suppose the theory has a symmetry (such as a Lifshitz scale symmetry)
that is not explicitly broken by the split dimensional regularization scheme itself, with a
– 19 –
corresponding Ward identity of the form:
T (εlif, ε˜)[Ik] = 0, (3.23)
where {Ik} is a set of correlation functions and T (εlif, ε˜) is a linear operator that takes ex-
pressions of the form (3.18) to expressions of the same form, and may or may not depend
explicitly on the time and space dimensions. Since the symmetry is not broken by the reg-
ularization, the unrenormalized correlation functions satisfy identity (3.23). We therefore
have from (3.19):
1
εlif
T (εlif, ε˜)
[
I
(res)
k
]
= −T (εlif, ε˜)
[
I
(ren)
k
]
+O(εlif) +O(ε˜). (3.24)
The anomalous Ward identity is then given by:
T (0, 0)
[
I
(ren)
k
]
= − lim
(εlif,ε˜)→0
(
1
εlif
T (εlif, ε˜)
[
I
(res)
k (ε˜)
])
. (3.25)
Since the LHS of equation (3.25) is finite, we can again draw the following conclusions:
1. T (εlif, ε˜)
[
I
(res)
k (ε˜)
]
∼ O(εlif).
2. If T does not depend on εlif and ε˜ then T
[
I
(res)
k (ε˜)
]
= 0, and there is no anomaly.
Therefore, as long as TPD invariance is not explicitly broken by the split dimensional
regularization scheme (as is the case with the free scalar we consider in the following
sections), we don’t expect it to be anomalous.20
It is important to consider the consequences of changing the choice of the parameter ε˜
(and thereby the renormalization) on the anomalous Ward identity (3.25). By changing our
choice from ε˜′ to ε˜, we know from (3.20) that the change in the anomalous Ward identity
is given by:
T (0, 0)
[
I
(ren)
k
]
= T (0, 0)
[(
I
(ren)
(n)
)′]− αT (0, 0) [ ∂f
∂ε˜′
(0, 0)
]
. (3.26)
Since ∂f∂ε˜′ (0, 0) is a local expression (a polynomial in the external momenta), the term
T (0, 0)
[
∂f
∂ε˜′ (0, 0)
]
represents a trivial solution of the WZ consistency condition (one that
can be cancelled by a local counterterm). We therefore expect only the coefficients of trivial
terms to depend on α. This is consistent with the general expectation that only coefficients
of trivial terms can be regularization dependent.
3.2.2 Expansion in the External Momenta
Equation (3.25) allows us to calculate the anomalous Ward identity from the εlif pole
residue. This is especially useful in the Lifshitz case, since the denominators of the prop-
agators are generally polynomials of degree 2z, and the Feynman diagram integrals are
20Like in the relativistic case, the operator T that corresponds to conservation of the stress-energy tensor
does not introduce any factors that depend on dt or ds.
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therefore more difficult to fully evaluate than they are in the relativistic case. Their di-
vergent parts, however, can again be obtained simply by expanding the Feynman diagram
integrands in powers of the external momenta. Suppose the integrand is h(pˆi, p¯i, qˆ, q¯,m),
where q is the internal loop momentum and h has a Lifshitz dimension21 l and therefore
satisfies:
h(λz pˆi, λp¯i, λ
z qˆ, λq¯, λzm) = λlh(pˆi, p¯i, qˆ, q¯,m). (3.27)
Rescaling q¯ by a factor of 1λ , and qˆ and m by a factor of
1
λz (where λ→ 0) we get:
h
(
pˆi, p¯i,
qˆ
λz
,
q¯
λ
,
m
λz
)
= λ−lh(λz pˆi, λp¯i, qˆ, q¯,m). (3.28)
We next expand h(λz pˆi, λp¯i, qˆ, q¯,m) in powers of λ to obtain:
h
(
pˆi, p¯i,
qˆ
λz
,
q¯
λ
,
m
λz
)
= λ−l
[
k0∑
k=0
λk h(k)(pˆi, p¯i, qˆ, q¯,m) +O(λ
k0+1)
]
=
k0∑
k=0
h(k)
(
pˆi, p¯i,
qˆ
λz
,
q¯
λ
,
m
λz
)
+O(λk0−l+1),
(3.29)
where h(k)(pˆi, p¯i, qˆ, q¯,m) is a polynomial in the external momenta, given by:
h(k)(pˆi, p¯i, qˆ, q¯,m)
≡
∑
rz+s=k
1
r! s!
pˆµ1i1 . . . pˆ
µr
ir
p¯ν1j1 . . . p¯
νs
js
∂r+sh
∂pˆµ1i1 . . . ∂pˆ
µr
ir
∂p¯ν1j1 . . . ∂p¯
νs
js
(0, 0, qˆ, q¯,m).
(3.30)
Defining:
h˜(pˆi, p¯i, qˆ, q¯,m) ≡
k0∑
k=0
h(k)(pˆi, p¯i, qˆ, q¯,m), (3.31)
we conclude that the integral over h(pˆi, p¯i, qˆ, q¯,m)−h˜(pˆi, p¯i, qˆ, q¯,m) has a divergence degree
of zdt +ds + l−k0− 1. If we choose k0 = dphyss + z+ l , the integral over h− h˜ converges in
dphyss + 1 dimensions, and therefore the integrals over h(pˆi, p¯i, qˆ, q¯,m) and h˜(pˆi, p¯i, qˆ, q¯,m)
have the same εlif pole.
Thus in order to calculate the pole residue, the only integrals left to evaluate are the
ones over the polynomial coefficients in the expressions h˜(pˆi, p¯i, qˆ, q¯,m). Each of these is a
linear combination of terms of the form:
δˆρ1ρ2 δˆρ3ρ4 . . . δ¯σ1 δ¯σ2 . . .
(qˆ2)a(q¯2)bqˆµ1 . . . qˆµc q¯ν1 . . . q¯νd
[qˆ2 + κ (q¯2)z +m2 + i]I
. (3.32)
When performing the integrations over qˆ and q¯, we may use the time rotation and space
rotation symmetries to make the replacements given in equations (3.13)–(3.14) separately
21In cases where the integrand does not have a uniform Lifshitz dimension, one can always write it as a
sum of terms with uniform Lifshitz dimensions and calculate the pole residue of each of them separately.
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for qˆ products (using the δˆµν metric) and for q¯ products (using the δ¯µν metric). The integral
over h˜(pˆi, p¯i, qˆ, q¯,m) can then be written in terms of the following known integral (see [15]):
X (dt, ds, r, s, I, z) ≡
∫ ddt qˆ
(2pi)dt
∫ dds q¯
(2pi)ds
(qˆ2)
r
(q¯2)
s
[qˆ2+κ(q¯2)z+m2+i]I
=
=
idtκ−(2s+ds)/2z(m2)
r−I+s/z+(dt+ds/z)/2
z(4pi)(dt+ds)/2
Γ( 2s+ds2z )Γ
(
2r+dt
2
)
Γ
(
dt
2
)
Γ( ds2 )Γ(I)
Γ
(
I − r − sz − zdt+ds2z
)
,
(3.33)
where k = l − 2zr − 2s + 2zI ≤ dphyss + z + l (so that dphyss + z + 2zr + 2s − 2zI ≥
0). Note that the integral (3.33) contributes to the pole residue a term proportional to
m2r−2I+2s/z+1+d
phys
s /z. Since terms with 2r−2I+2s/z+1+dphyss /z > 0 vanish in the m→ 0
limit, one only needs to compute terms in the expansion with 2r−2I+2s/z+1+dphyss /z = 0
(those of order k = dphyss + z + l) in order to obtain the εlif pole residue. For these terms,
the integral (3.33) has the following pole:
X(dt, ds, r, s, I, z) =
idt
εlif
2κ−(2s+ds)/2z
(4pi)(dt+ds)/2
Γ
(
2s+ds
2z
)
Γ
(
2r+dt
2
)
Γ
(
dt
2
)
Γ
(
ds
2
)
Γ(I)
+O(1). (3.34)
Note that since r, s and I appear in the correlation functions as non-negative integers, it is
possible to relate the different poles X(dt, ds, r, s, I, z) appearing in the correlation function
of a given order for a fixed value of z and with various values of r, s, I using the recursive
property of Gamma functions Γ(n+ 1) = nΓ(n).
In conclusion, this procedure of expanding the Feynman diagram integrand in external
momenta, computing the pole residue via equations (3.13)–(3.14), (3.33)–(3.34) and apply-
ing formula (3.25) enables us to calculate the anomalous Ward identities corresponding to
Lifshitz scale symmetry without calculating the full correlation functions. In the following
sections we use this procedure to calculate the anomaly coefficients for the case of a free
z = 2 Lifshitz scalar in 2 + 1 dimensions.
4 The Conformal Scalar Field and its Weyl Anomalies
In this section we review the calculation of the conformal anomaly coefficients for the
relativistic free and massless scalar field using dimensional regularization and the procedure
described in section 3. We include this example as a reference for the calculation of Lifshitz
anomaly coefficients for the non-relativistic Lifshitz scalar given in section 5 using a similar
procedure. The calculation was performed both for two and four spacetime dimensions. In
both cases the Weyl anomalies agree with the known results found in literature [4, 20–25].
In order to calculate the conformal anomalies for the free scalar, one must first define
the flat space stress-energy tensor such that it satisfies the Ward identities (2.5)–(2.6) (i.e.
it is conserved, symmetric and traceless). One way to do this is to define the theory over
a curved spacetime manifold such that the action is invariant under both diffeomorphisms
and Weyl transformations (see section 2), and derive the stress-energy tensor from the
curved spacetime action using the definition (2.4).
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The conformal coupling of a free relativistic scalar field φ to curved spacetime is given
by the following action (see e.g. [23]):
S =
∫
ddx
√
|g|
[
1
2
∂µφ∂
µφ− d− 2
4 (1− d)Rφ
2
]
, (4.1)
where d is the number of spacetime dimensions, and R is the Ricci scalar of the background
manifold. This action in indeed diffeomorphism and Weyl-invariant. The improved stress-
energy tensor calculated from this action using the definition in equation (2.4) is (see [5]):
Tµν = −∂µφ∂νφ+ 1
2
ηµν (∂ρφ∂
ρφ)− d− 2
4 (1− d)
(
∂µ∂ν − ηµν∂2
)
φ2. (4.2)
Using the equations of motion, one can check that it indeed satisfies the conservation and
tracelessness Ward identities:
∂µTµν = 0, (4.3)
Tµµ = 0, (4.4)
for any number of spacetime dimensions d.22
4.1 The Relativistic Free Scalar in Two Dimensions
We start with the calculation of the Weyl anomaly of a relativistic free scalar field in two
spacetime dimensions from the two point correlation function of the stress-energy tensor.
We demonstrate two ways of performing the calculation: First, by preforming the full
calculation of the one-loop diagram using dimensional regularization. Second, using the
procedure of extracting only the divergent part of the diagram and using it to compute
the anomaly coefficients, as described in section 3. The results agree with the known ones
from the literature.
4.1.1 The Full Calculation
In the first way of calculating the anomaly, the two point correlation function of the stress-
energy tensor is fully calculated using standard dimensional regularization. The Feynman
rules and diagram used for the calculation are given in appendix C.1.
The full evaluation of the expression that corresponds to the diagram (C.2) was per-
formed using the massless integral formulas given in appendix C.2. The final result for the
22The stress-energy tensor satisfies these identities as operator equations, taking into account the equa-
tions of motion for φ. Its renormalized correlation functions, however, satisfy the corresponding identities
only up to local contact terms, as mentioned in sections 2 and 3.
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two point correlation function is given by the following expression:
〈Tµν (p)Tρσ (−p)〉 =
− 1
2
[
p4ηµνηρσ
(
− 1
18
(3 + 7ε)
)
I1 + p
4 (ηµρηνσ + ηµσηνρ)
(
1
12
+
ε
9
)
I1+
+ p2 (ηµνpρpσ + ηρσpµpν)
(
1
18
(3 + 7ε)
)
I1 − ε
6
pµpνpρpσI1+
+p2 (ηµρpνpσ + ηµσpρpν + ηρνpµpσ + ηνσpρpµ)
(
− 1
36
(3 + 4ε)
)
I1
]
,
(4.5)
where p is the external momentum of the diagram, ε is defined by d = 2− ε and the basic
integral I1 is given by:
I1 (d, p) =
∫
ddq
(2pi)d
1
q2
1
(p− q)2
= (−1)d/2−2 iΓ (d/2− 1) Γ (d/2− 1) Γ (2− d/2)
(4pi)d/2Γ (d− 2)
(
p2
)d/2−2
.
(4.6)
One can expand the integral I1 around the physical dimension d
phys = 2 to obtain:
I1 (d = 2− ε, p) = 1
ε
(
i
pi
p−2
)
+O (1) . (4.7)
It is easy to verify that the result in equation (4.5) indeed satisfies the conservation Ward
identity (2.17), which in Fourier space takes the form:23
pµ 〈Tµν(p)T ρσ(−p)〉 = 0. (4.8)
As expected, this identity holds separately on the finite part and on the pole part of
(4.5) and is not anomalous. In addition one can verify that, when tracing over the full
unrenormalized expression (4.5), the Ward identity corresponding to Weyl invariance is
satisfied:
ηµν 〈Tµν (p)Tρσ (−p)〉 = 0. (4.9)
However, this identity is only satisfied on the pole and finite parts of expression (4.5)
together. Thus after performing renormalization of the correlation function we have from
equation (3.6):
ηµν 〈Tµν (p)Tρσ (−p)〉(ren) = − lim
ε→0
(
1
ε
ηµν 〈Tµν (p)Tρσ (−p)〉(res)
)
. (4.10)
23See equations (A.15) and (A.16) for our Fourier conventions.
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The ε pole residue of expression (4.5) is given by:
〈Tµν (p)Tρσ (−p)〉(res) = i
2pi
[
3
18
p2ηµνηρσ − 1
12
p2 (ηµρηνσ + ηµσηνρ) +
− 3
18
(ηµνpρpσ + ηρσpµpν) +
1
12
(ηµρpνpσ + ηµσpρpν + ηρνpµpσ + ηνσpρpµ)
]
.
(4.11)
Tracing over (4.11) (in d = 2− ε dimensions) and using equation (4.10) we get:
ηµν〈Tµν (−p)Tρσ (p)〉(ren) = i
12pi
(
p2ηρσ − pρpσ
)
, (4.12)
which is the well known anomalous Ward identity in two dimensions (see e.g. [16, 20]).
4.1.2 Poles Calculation
Using the procedure described in subsection 3.1, the pole residue of the two point corre-
lation function of the stress-energy tensor can also be computed without evaluating the
full expression. Starting from the expression for the two point function given in (C.2), we
expand the integrand in powers of the external momentum and extract the terms propor-
tional to m0 (where m is an IR mass regulator). The expression for the two point function
contains only five different types of integrals in this case. Their relevant ε poles around two
spacetime dimensions, obtained using expansion in the external momentum p, are given by
the following expressions:∫
ddq
(2pi)d
1
[q2 −m2 + i]
1[
(q − p)2 −m2 + i
] = O(1), (4.13)
∫
ddq
(2pi)d
qµ
[q2 −m2 + i]
1[
(q − p)2 −m2 + i
] = O(1), (4.14)
Iµν (p) ≡
∫
ddq
(2pi)d
qµqν
[q2 −m2 + i]
1[
(q − p)2 −m2 + i
]
= Iµν (p = 0) +O(1) =
−i
8pi
ηµνΓ
(
1− d
2
)(
1
m2
)1− d
2
+O(1),
(4.15)
Iµνρ (p) ≡
∫
ddq
(2pi)d
qµqνqρ
[q2 −m2 + i]
1[
(q − p)2 −m2 + i
]
= pα
[
dIµνρ (p)
dpα
]
p=0
+O(1)
=
(−i) (pρηµν + pµηρν + pνηρµ)
16pi
Γ
(
1− d
2
)(
1
m2
)1− d
2
+O(1),
(4.16)
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Iµνρσ (p) ≡
∫
ddq
(2pi)d
qµqνqρqσ
[q2 −m2 + i]
1[
(q − p)2 −m2 + i
]
=
1
2!
pαpβ
[
d2Iµνρσ (p)
dpαdpβ
]
p=0
+O(1)
=
(
i
96pi
Jµνρσ − i
24pi
Kµνρσ
)
Γ
(
1− d
2
)(
1
m2
)1− d
2
+O(1),
(4.17)
where:
Jµνρσ ≡ p2 (ηµνηρσ + ηµσηρν + ηµρηνσ) , (4.18)
Kµνρσ ≡ pρpσηµν + pρpνηµσ + pρpµηνσ + pσpµηνρ + pσpνηµρ + pµpνηρσ. (4.19)
Note that although some of these expressions (4.13)–(4.17) are individually IR diver-
gent at d = 2, the total expression for the two point function of the stress-energy tensor
(and indeed any correlation functions of the stress-energy tensor) is not IR divergent in
this case. This follows from the form of the action (4.1) and the improved stress-energy
tensor (4.2): The action at d = 2 contains only derivatives of the field φ, and only the O(ε)
part of it contains φ with no derivatives. It follows that the stress-energy tensor (and any
other operator constructed by taking variations of the action with respect to the metric)
has the same structure – at d = 2 it contains only derivatives of φ. These operators are
therefore not Log correlated at d = 2, and their correlation functions do not diverge in
the IR. In terms of dimensionally regulated Feynman diagrams, for any propagator in the
1-loop diagram with momentum qµ, the d = 2 part of each of its adjacent vertexes is of
order O(q). Thus the terms in the integrand of the diagram that contribute to the IR
divergence when q → 0 are of order O(ε2), and therefore vanish as ε→ 0 after integration
is performed. This justifies the assumption made in subsection 3.1, that the correlation
functions of the stress-energy tensor are free of IR divergences. A similar argument will be
valid for the Lifshitz case, as will be explained in the next section.
Substituting these poles in the general expression for the two point function (C.2), we
find exactly the same pole residue for the two point correlation function as in equation
(4.11), and therefore, by the use of (4.10), the same anomalous Ward identity.
4.2 The Relativistic Free Scalar in Four Dimensions
We next turn to the example of a relativistic free scalar field in four spacetime dimensions.
Again using dimensional regularization and the procedure described in subsection 3.1 with
d = 4 − ε, the anomalous contributions to the Ward identities (2.19) and (2.20) can be
computed from the ε pole residues of the two and three point correlation functions of the
stress-energy tensor.
The details needed for the calculation of the correlation functions as defined in equation
(2.14), including the Feynman rules for the vertexes and the expressions for the diagrams,
are given in appendix C.1. The pole residues were extracted via a power expansion in the
external momenta as described in subsection 3.1. Since these calculations involve a very
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large number of terms, they were performed using a computer script that was written for
this purpose.
The pole residue of the two point correlation function, as obtained from the power
expansion in the external momentum p, is given by:
〈Tµν (p)Tρσ (−p)〉(res) =
− i
16pi2
1
9
[− 110p4ηµνηρσ + 320p4 (ηµρηνσ + ηµσηνρ)
+ 110p
2 (ηµνpρpσ + ηρσpµpν) +
1
5pµpνpρpσ
− 320p2 (ηµρpνpσ + ηµσpρpν + ηρνpµpσ + ηνσpρpµ)
]
.
(4.20)
It can be easily checked that this expression satisfies the conservation identity (4.8). How-
ever, tracing over the indexes µ, ν in (4.20) yields an expression that does not vanish for a
general dimension d. Using equation (3.6), one obtains:
ηµν〈Tµν (−p)Tρσ (p)〉(ren) = − i
1440pi2
p2
(
pρpσ − ηρσp2
)
. (4.21)
This is in agreement with the anomalous Ward identity (2.19), due to the trivial R term
in the Weyl cohomology of the relativistic theory in four dimensions (see e.g. [24, 25]).
The pole residue of the three point correlation function 〈Tµν (k)Tρσ (q)Tαβ (p)〉(res)W can
also be calculated using expansion in the external momenta. However, the final result is
too long to be shown here. As expected, this pole residue and the pole residue of the two
point function together satisfy the following conservation identity:
kν
〈
Tµν (k)T ρσ (q)Tαβ (p)
〉
W
=
ipµ
〈
T ρσTαβ
〉
(q) + iqµ
〈
T ρσTαβ
〉
(p)
−ipν
[
ηµβ 〈T ναT ρσ〉 (q) + ηµα 〈T νβT ρσ〉 (q)]
−iqν
[
ηµρ
〈
T νσTαβ
〉
(p) + ηµσ
〈
T νρTαβ
〉
(p)
]
,
(4.22)
which is the Fourier transformed version of the conservation Ward identity (2.18). From
these pole residues, one can use equation (3.6) to calculate the LHS of the Fourier trans-
formed version of the anomalous Ward identity of the three point correlation function
(2.20), given by:
ηµν
〈
Tµν (k)T ρσ (q)Tαβ (p)
〉(ren)
W
− 2i
〈
T ρσ (−q)Tαβ (q)
〉(ren)
− 2i
〈
T ρσ (−p)Tαβ (p)
〉(ren)
= −4
[
δ2
(√
|g|A
)
(q, p)
]ρσαβ
,
(4.23)
where
[
δ2
(√|g|A) (q, p)]ρσαβ represents the Fourier transformed second variation of the
anomalous contribution to the Ward identity (2.7) with respect to the metric (see appendix
A.2 for notations). After calculating the second variation of the anomaly and trivial term
densities listed in equation (2.9) with respect to the background metric, the results can be
substituted into the RHS of the anomalous Ward identity (4.23).
The coefficients βa, βb and βc can then be extracted by comparing the two sides of the
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identity. The values of the coefficients obtained using this procedure are the same as the
ones given in (2.11) and therefore agree with those found in the literature.
5 The Free z = 2 Lifshitz Scalar Field and its Scale Anomalies
In this section we study the Lifshitz anomaly of a Lifshitz z = 2 scalar field in 2 + 1 dimen-
sions, using the method of split dimensional regularization and renomarlization described
in subsection 3.2, applied to the two and three point correlation functions of the stress-
energy tensor. Up to second order in the background fields, we find one anomaly in the two
derivatives sector, and no anomalies in the four derivatives sector. This is in agreement
with the results previously found in [11] using a heat kernel calculation. The value of the
anomaly coefficient also agrees with the result in [11]. As expected, only the coefficients
of the trivial terms which appear in the two and three point correlation functions depend
on the regularization parameter α, defined in subsection 3.2 – they are all regularization
dependent, and can be removed by adding the appropriate counterterms to the effective
action. We also show that trivial terms that correspond to a curved background structure
that violates the Frobenius condition (that is, terms that vanish when the Frobenius con-
dition is assumed) appear in the case we study with non-vanishing coefficients. Therefore,
the curved spacetime description of these terms, and their cancellation via a counterterm,
requires giving up the foliation structure of the background manifold (see [7] for further
discussion).
5.1 The z = 2 Free Lifshitz Scalar Field in General Spacetime Dimensions
The Lifshitz anomalies of a free Lifshitz scalar field with a dynamical critical exponent
z = 2 in 2 + 1 dimensions have been considered in several previous works [11, 27]. The flat
space action of the theory is given by:
S =
∫
d2xdt
(
1
2
(∂tφ)
2 − 1
2
κ(∇2φ)2
)
. (5.1)
In order to apply the method of split dimensional regularization and renormalization
described in subsection 3.2, one must first couple the theory described by the action (5.1)
to a curved background manifold with a general number of space dimensions ds and time
dimensions dt. This coupling must be done in a way that preserves the curved spacetime
symmetries detailed in subsection 2.2.1, as well as local rotations of the time directions,
and smoothly reduces back to (5.1) in the limit of flat spacetime and ds → 2, dt → 1.
This can be accomplished in several ways (see appendix B for details). Here we choose
to use the following curved spacetime action:
S =
∫
ddt+dsx
√
|g|
{
1
2
[
Ln(i)φ+ ξ1K(i)S φ
]2
−κ
2
[∇¯2φ+ ξ2 aµ∇¯µφ+ ξ3 a2φ+ ξ4 ∇¯µaµφ]2} , (5.2)
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where dt and ds are the numbers of time and space dimensions respectively and {n(i)µ } (i =
1, . . . , dt) is an orthonormal set of 1-forms that represents the local dt time directions on
the manifold. The coefficients ξ1, ξ2, ξ3, ξ4 are given by:
ξ1 ≡ 1
ds
(
1
2
dlif − 2
)
, ξ2 ≡ dt − 1
dt
,
ξ3 ≡ 1
4d2t
(
1
2
dlif − 2
)(
dt − 1
2
ds
)
, ξ4 ≡ 1
2dt
(
1
2
dlif − 2
)
,
(5.3)
where dlif ≡ 2dt + ds. The various background expressions and notations used in (5.2)
(the derivatives Ln(i) , ∇¯µ and the expressions aµ, K(i)S ) are defined in appendix B as a
generalization of the definitions used in [6, 7] to the case of multiple time directions. This
action is indeed invariant under TPDs and anisotropic Weyl transformations, as well as
under local time rotations of the form n
(i)
µ → Λij(x)n(j)µ , where Λij(x) is any orthogonal
matrix in dt dimensions that depends on the spacetime coordinates x.
The action (5.2) reduces in flat space to the following action:
S =
∫
dds+dtx
(
−1
2
∂ˆµφ∂ˆ
µφ− 1
2
κ∇¯2φ∇¯2φ
)
, (5.4)
where, as mentioned in subsection 3.2, we use a flat spacetime metric of the form δµν =
diag(δˆµˆνˆ , δ¯µ¯ν¯), with δˆµˆνˆ = diag(−1, . . . ,−1) over the time dimensions and δ¯µ¯ν¯ = diag(1, . . . , 1)
over the space dimensions (see appendix A for our notations and conventions).
The action (5.4) is invariant under time and space rotations, as well as the following
Lifshitz scaling transformation:
xˆµ → λ−2 xˆµ, x¯µ → λ−1 x¯µ, φ→ λ(2dt+ds−4)/2 φ, (5.5)
where λ is a parameter of the scaling transformation, and κ is dimensionless under the
scaling transformation. The flat space stress-energy tensor, as derived from the action
(5.2) by taking the variation of the action with respect to the vielbeins (according to the
definition (2.25)), is given by:
Tµν = ∂ˆ
µφ∂νφ+ 2κ∂¯
µ∂νφ∇¯2φ− δ
µ
ν
2
(
∂ˆσφ∂ˆ
σφ+ κ∇¯2φ∇¯2φ
)
− κ (∂µ∂¯νφ∇¯2φ+ ∂µφ∇¯2∂¯νφ+ ∂¯µ∂νφ∇¯2φ+ ∂νφ∇¯2∂¯µφ)
+
κ
4dt
((2dt + ds)− 4)
(
∂ˆνφ∂¯
µ∇¯2φ+ φ∂¯µ∂ˆν∇¯2φ
)
+
κ
4dt
(
(ds − 2dt)
(
∂ˆν ∂¯
µφ∇¯2φ+ ∂¯µφ∇¯2∂ˆνφ
))
+ κδ¯µν
(∇¯2φ∇¯2φ+ ∂¯σφ∂¯σ∇¯2φ) (5.6)
− κ
4dt
δˆµν
(
(2ds − 4) ∂¯σφ∂¯σ∇¯2φ+ (2dt + ds − 4)φ∇¯4φ
)
− κ
4dt
δˆµν (ds − 2dt) ∇¯2φ∇¯2φ+ κ
(
∂¯ν ∂ˆ
µφ∇¯2φ+ ∂ˆµφ∇¯2∂¯νφ
)
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+
1
2ds
(4− (2dt + ds))
(
∂¯νφ∂ˆ
µφ+ φ∂ˆµ∂¯νφ
)
− 1
2ds
δ¯µν (4− (2dt + ds))
(
∂ˆσφ∂ˆ
σφ+ φ∂ˆσ∂ˆ
σφ
)
.
Note that this expression is symmetric in its spatial components (Tµ¯ν¯ = Tν¯µ¯), and its
temporal components (Tµˆνˆ = Tνˆµˆ), indicating both time and space rotations invariance,
but not in its combined space/time components (Tµˆν¯ 6= Tν¯µˆ), since there is no Lorentz
inveariance. It is also regular in the limit ds → 2, dt → 1. These two properties are crucial
for the assumptions underlying the procedure outlined in subsection 3.2 to be satisfied.24
Using the equations of motion in flat space, given by:(
∂ˆµ
2 − κ∇¯4
)
φ = 0, (5.7)
it is easily verified that the stress-energy tensor (5.6) satisfies the following Ward identities
for any values of dt and ds (these are just the flat space versions of identities (2.30)–(2.31),
generalized to dt > 1):
∂µT
µ
ν = 0, (5.8)
DaµT
µ
a ≡
(
2δˆaµ + δ¯
a
µ
)
Tµa = 0. (5.9)
In the particular case of ds = 2, dt = 1, the stress-energy tensor (5.6) reduces to the
following expression:
Tµν = ∂ˆ
µφ∂νφ+ 2κ∂¯
µ∂νφ∇¯2φ− δ
µ
ν
2
(
∂ˆσφ∂ˆ
σφ+ κ∇¯2φ∇¯2φ
)
− κ (∂¯µ∂¯νφ∇¯2φ+ ∂¯µφ∇¯2∂¯νφ+ ∂¯µ∂νφ∇¯2φ+ ∂νφ∇¯2∂¯µφ)
+ κδ¯µν
(∇¯2φ∇¯2φ+ ∂¯σφ∂¯σ∇¯2φ) .
(5.10)
5.2 The Lifshitz Anomaly of the Free Scalar
In this subsection, we apply the procedure outlined in subsection 3.2 to calculate the
Lifshitz anomaly coefficients of the free Lifshitz z = 2 scalar field in 2 + 1 dimensions,
using a split dimensional regularization scheme. The general steps of this calculation are
as follows:
1. We consider the Feynman diagrams contributing to the flat space variational two and
three point correlation functions of the stress-energy tensor, as given in (2.39)–(2.40),
in a general number of time and space dimensions.
2. For each of these diagrams, we extract the εlif pole residue of the diagram by expand-
ing the integrand in powers of the external momenta as explained in subsection 3.2,
utilizing the formulas (3.13)–(3.14) and (3.33)–(3.34) (Note that we use the choice of
ε˜ given in (3.21)).
24This stress-energy tensor is significantly different from the one found in [15], which is not symmetric in
its spatial components, and contains a coefficient that diverges in the limit dt → 1.
– 30 –
3. We substitute the pole residues into the LHS of Fourier transformed versions of the
Ward identities (2.49)–(2.50), and then use formula (3.25) (taking the limit (εlif, ε˜)→
0) to obtain the anomalous contribution to these Ward identities.
4. We calculate the first and second order variation of each of the possible independent
anomaly and trivial term densities corresponding to this case25, as listed in [7], with
respect to the vielbeins in the flat space limit. Note that we do not consider any
n-point functions with n > 3 in this work, and therefore only the coefficients of terms
which are at most second order in the background fields can be calculated.
5. We substitute these expressions into the RHS of the Ward identities (2.49)–(2.50),
compare to the results of step 3, and extract the various coefficients.26
For the purpose of calculating the pole residues of the correlation functions of the stress-
energy tensor, it is convenient to drop terms in (5.6) that carry coefficients proportional
to the parameter εlif. These terms will only contribute expressions which are regular in
the limit (εlif, ε˜) → 0 to the correlation functions. Therefore, when calculating these pole
residues, one can ignore such terms. After dropping these terms, the stress-energy tensor
takes the form:
Tµν = ∂ˆ
µφ∂ˆνφ− δˆ
µ
ν
2
(
∂ˆσφ∂ˆ
σφ+ κ
ds
2dt
∇¯2φ∇¯2φ+ κ
dt
ds − 2dt
2
∂¯σφ∂¯
σ∇¯2φ
)
+ ∂ˆµφ∂¯νφ+ κ
2dt + ds
4dt
∂¯µ∂ˆνφ∇¯2φ− κ∂ˆνφ∇¯2∂¯µφ+ κds − 2dt
4dt
∂¯µφ∇¯2∂ˆνφ
− κ∂¯µφ∇¯2∂¯νφ− κ∂¯νφ∇¯2∂¯µφ+ δ¯µν
(
−1
2
∂ˆσφ∂ˆ
σφ+
κ
2
∇¯2φ∇¯2φ+ κ∂¯σφ∂¯σ∇¯2φ
)
+O(εlif).
(5.11)
The expression for the Feynman diagram vertex that corresponds to the stress-energy
tensor (5.11) is given in (D.3). All other Feynman rules needed for the calculation of the
relevant Feynman correlation functions can be found in the appendix D.
Note that although the correlation functions of the stress-energy tensor in this case
seem like they might be IR divergent, similarly to the d = 2 relativistic case as discussed in
subsection 4.1.2 this is in fact not the case. The terms in the action (5.2) of order O(ε0lif)
contain only derivatives of the field φ, and only the terms of order O(εlif) and higher
contain φ with no derivatives. The stress-energy tensor (5.11) and other operators defined
as variations of the action with respect to the vielbeins (such as δ
2S
δebαδecγ
) therefore have
the same structure. These operators are therefore not Log correlated at 2 + 1 dimensions,
and their correlation functions are not expected to diverge in the IR. In terms of the
corresponding Feynman diagrams regulated using split dimensional regularization, for any
propagator in the 1-loop diagram with spacetime momentum Qµ, the O(ε0lif) part of each of
25Note that we do not assume the Frobenius condition on the background 1-form nµ here.
26When extracting these coefficients, one must be careful to take into account various dimensionally
dependent identities that apply only in the physical dimensions of the theory, in this case ds = 2, dt = 1.
For example, for dt = 1 the following identity applies: PˆµPˆν = PˆρPˆ
ρδˆµν .
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its adjacent vertexes is of order O(Qˆ) or O(Q¯). The terms in the integrand of the diagram
that contribute to the IR divergence when Q→ 0 are of order O(ε2lif), and therefore vanish
as εlif → 0 after integration is performed. This justifies the assumption made in subsection
3.2, that the correlation functions of the stress-energy tensor are free of IR divergences.
Since these calculations involve a very large number of terms, they were performed
using a computer script that implements the previously described steps. For the purpose
of presenting the results of the calculations, we introduce the following notations for the
Fourier transformed versions of the Ward identities of the flat space correlation functions:27
(2pi)dt+dsδ (P +Q)
[
I(2)D
]ρ
ab
(Q,P ) ≡ FT
[
(I(2)D )ρab(x, y)
]
, (5.12)
(2pi)dt+dsδ (P +Q)
[
W(2)W )
]ρ
b
(Q,P ) ≡ FT
[
(W(2)W )ρb(x, y)
]
, (5.13)
(2pi)dt+dsδ (P +Q+K)
[
I(3)D
]ρα
abc
(Q,P,K) ≡ FT
[
(I(3)D )ραabc(x, y, z)
]
, (5.14)
(2pi)dt+dsδ (P +Q+K)
[
W(3)W
]ρα
bc
(Q,P,K) ≡ FT
[
(W(3)W )ραbc (x, y, z)
]
, (5.15)
where the expressions (I(2)D )ρab(x, y), (W(2)W )ρb(x, y), (I(3)D )ραabc(x, y, z) and (W(3)W )ραbc (x, y, z)
are defined in equations (2.45), (2.49), (2.46) and (2.50) respectively. The conventions
for the Fourier transforms are given in (A.21) and (A.22). The results we present here
for the anomalous contributions to the Ward identities (W(2)W )ρb(x, y) and (W(3)W )ραbc (x, y, z)
are divided into two separate sectors according to the total number of derivatives: a two
derivatives sector (nD = 2), and a four derivatives sector (nD = 4). This is in accordance
with the definitions and the discussion in [6, 7] (higher derivative sectors do not appear in
the two and three point functions).
At this point, we would like to reiterate that since we study the correlation functions
only up to the three point function level, we are able to study only the anomalies and
trivial terms (as found in [7]) that appear in this level, that is, only the ones which are at
most second order in the background fields.
5.2.1 Results for the Two Point Function
The pole residues of the two point correlation function of the stress-energy tensor were
extracted using the method described in subsection 3.2. Taking the weighted Lifshitz trace
over these pole residues and following the previously mentioned steps of the calculation
27In this section and the relevant appendixes, we denote the spacetime momenta using capital letters (P ,
K, Q).
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yields the following result for the anomalous contribution to the two point Ward identity:28
− δαα′δbβ
[
W(2)W )
]α′
b
(Q,P ) = −Dµν 〈Tµν (−P )Tαβ (P )〉(ren) =
− i
√
καnαnβP¯γP¯
γP¯δP¯
δ
24pi
+
i(3− 2α)nαP¯βPˆ
96
√
κpi
+
i
√
καnβP¯αP¯γP¯
γPˆ
24pi
+
i(−3 + 2α)δ¯αβPˆ 2
96
√
κpi
.
(5.16)
Note that although the expression on the LHS of (5.16) seems to depend on two different
momenta P andQ, due to the delta function δ(P+Q) in the definition (5.13) these momenta
are not independent, and the RHS of (5.16) involves only one independent momentum. The
same comment holds for other similar identities in this section. When comparing this result
to the first order variation (in the flat space limit) of the cohomologically trivial terms29 (or
coboundaries in cohomological terminology) in the two derivatives sector (E.9) and in the
four derivatives sector (E.31) with respect to the vielbeins, one finds the following results:
In the two derivatives sector we have:
i δαα′δ
b
β
[
W(2)W )
]α′
b
(Q,P )
∣∣∣∣
nD=2
=
2α− 3
192
√
κpi
[δF1]αβ(P ), (5.17)
where [δX]αβ(P ) represents the Fourier transform of the first order variation of the ex-
pression X with respect to the vielbeins in flat space, as defined in (E.1), and α is the
regularization parameter defined in subsection 3.2.
In the four derivatives sector we get:
i δαα′δ
b
β
[
W(2)W )
]α′
b
(Q,P )
∣∣∣∣
nD=4
=
− iC0[δF1]αβ(P )−
√
κα
96pi
[δF1]αβ(P ) + 2iC0[δF3]αβ(P )
+
√
κα
48pi
[δF3]αβ(P )− iC0[δF6]αβ(P ),
(5.18)
where C0 is a free parameter, whose value cannot be extracted from the two point corre-
lation function. This is due to the fact that, in the basis of first order trivial terms we
are using here, the first order variations of the trivial term densities in the four derivatives
sector are linearly dependent in the flat space limit (that is, there is a linear dependence
between the first order variations of F1, F3 and F6 with respect to the vielbeins in flat
space). When looking at higher point correlation functions, this dependence is removed
and the coefficient C0 can be extracted, as we indeed show in the next subsection studying
the three point function.
We have also confirmed the pole residue of the two point function satisfies the conser-
28The results for the anomalous Ward identities in this section are in dt = 1 time dimension. In this case,
we use Pˆ and Kˆ to denote the time components of the momenta P and K respectively (see appendix A.3).
29Only trivial terms are first order in the background fields.
– 33 –
vation Ward identity: [
I(2)D
]ρ
ab
(Q,P ) = 0. (5.19)
This is expected from the argument made in subsection 3.2 that the conservation Ward
identity (2.45) holds separately on the pole part and on the regular finite part of the
correlation functions.
5.2.2 Results for the Three Point Function and the Anomaly
Using the previously mentioned calculation steps, we obtained the following result for the
anomalous contribution to the three point Ward identity in the two derivative sector30
−δαα′δγγ′δeβδfδ
[
W(3)W
]α′γ′
ef
(Q,P,K)
∣∣∣∣
nD=2
=
(−3 + 2α)K¯βK¯δnαnγ
96
√
κpi
+
(3− 2α)K¯δKˆnαnβnγ
48
√
κpi
+
(−3 + 2α)K¯βKˆnγ δ¯αδ
96
√
κpi
+
(3− 2α)Kˆ2δ¯αδ δ¯βγ
96
√
κpi
+
(3− 2α)K¯βKˆnαδ¯γδ
48
√
κpi
+
(3− 2α)KˆnαnγnδP¯β
96
√
κpi
+
(−3 + 2α)Kˆnγ δ¯αδP¯β
96
√
κpi
+
(3− 4α)Kˆnαδ¯γδP¯β
96
√
κpi
+
Kˆnαδ¯βδP¯γ
32
√
κpi
− K¯βnαnγP¯δ
32
√
κpi
+
(3− 2α)Kˆnγ δ¯αβP¯δ
96
√
κpi
+
αKˆnαδ¯βγP¯δ
48
√
κpi
− K¯
µnαnγ δ¯βδP¯µ
32
√
κpi
+
(3− 2α)K¯δnαnβnγPˆ
96
√
κpi
+
(3− 4α)K¯δnγ δ¯αβPˆ
96
√
κpi
+
αK¯βnγ δ¯αδPˆ
48
√
κpi
+
(−3 + 2α)K¯δnαδ¯βγPˆ
96
√
κpi
+
(3− 4α)Kˆδ¯αδ δ¯βγPˆ
96
√
κpi
+
K¯αnγ δ¯βδPˆ
32
√
κpi
(5.20)
+
(3− 2α)K¯βnαδ¯γδPˆ
96
√
κpi
+
(−3 + 2α)Kˆnαnβ δ¯γδPˆ
96
√
κpi
+
(−3 + 4α)Kˆδ¯αβ δ¯γδPˆ
96
√
κpi
+
(3− 2α)nαnγnδP¯βPˆ
48
√
κpi
+
(−3 + 2α)nγ δ¯αδP¯βPˆ
96
√
κpi
+
(3− 2α)nγ δ¯αβP¯δPˆ
48
√
κpi
+
(−3 + 2α)nαδ¯βγP¯δPˆ
96
√
κpi
+
(−3 + 2α)nγnδ δ¯αβPˆ 2
48
√
κpi
+
(3− 2α)δ¯αδ δ¯βγPˆ 2
96
√
κpi
+
(−3 + 2α)K¯δKˆnαδ¯βγ
96
√
κpi
+
(−3 + 2α)Kˆ2nαnβ δ¯γδ
48
√
κpi
+
(−3 + 4α)K¯δnαnγP¯β
96
√
κpi
+
(−3 + 2α)nαnγP¯βP¯δ
96
√
κpi
+
(−3 + 2α)Kˆnγnδ δ¯αβPˆ
96
√
κpi
− Kˆδ¯αγ δ¯βδPˆ
32
√
κpi
.
Writing this expression as a linear combination of the second order variations with respect
to the vielbeins of the anomaly and trivial term densities in the two derivative sector (given
30We remind the reader that for the expressions in this subsection, the indexes α′, e (and therefore α, β)
correspond to insertions at the spacetime point y, or the momentum P after Fourier transform. Similarly,
the indexes γ′, f (and therefore γ, δ) correspond to insertions at z, or the momentum K. See the definitions
in (2.50), (5.15) and (A.22).
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in (E.11)–(E.12)), we get:
−
[
W(3)W
]αγ
ef
(Q,P,K)
∣∣∣∣
nD=2
=
1
32
√
κpi
[
δ2A(2,0,0)
]αγ
ef
(P,K)
+
2α− 3
96
√
κpi
[
δ2F1
]αγ
ef
(P,K),
(5.21)
where [δ2X]αγef (P,K) represents the Fourier transform of the second order variation of the
expression X with respect to the vielbeins in flat space, as defined in (E.2). Note that,
as expected, the coefficient of the anomaly A(2,0,0) is independent of the regularization
parameter α and agrees with the result found in [11], while the coefficient of the trivial
term F1 depends on α, and vanishes when α = 32 .
The full result for the anomalous contribution to the three point Ward identity (2.50)
in the four derivative sector is given in (E.33) in the appendix. Comparing this result to
the second order variations of the anomaly and trivial term densities in this sector we get
the following linear combination:
−
[
W(3)W
]αγ
ef
(Q,P,K)
∣∣∣∣
nD=4
= −
√
κα
160pi
[
δ2F1
]αγ
ef
(P,K) +
√
κα
240pi
[
δ2F2
]αγ
ef
(P,K)
+
√
κα
80pi
[
δ2F3
]αγ
ef
(P,K) +
α
√
κ
240pi
[
δ2F6
]αγ
ef
(P,K)
+
(
α
√
κ
30pi
− C
)[
δ2F8
]αγ
ef
(P,K) +
(
α
√
κ
30pi
− 2C
)[
δ2F9
]αγ
ef
(P,K)
+
α
√
κ
24pi
[
δ2F11
]αγ
ef
(P,K) + C
[
δ2F12
]αγ
ef
(P,K),
(5.22)
where the trivial terms (the Fi-s) are defined in (E.31) and the anomalies are defined in
(2.34) or (E.32). C is again a free parameter that cannot be extracted from the three
point correlation function, similar to the appearance of the free parameter C0 in the two
point level (5.18). Note that the three point function fully determines the coefficients of
F1, F3 and F6, and therefore the value of the free parameter C0 from equation (5.18).
Alternatively, the result in (5.22) can be written in terms of the second order variations of
the scalars (φ’s) defined in (E.13):
−
[
W(3)W
]αγ
ef
(Q,P,K)
∣∣∣∣
nD=4
=
α
√
κ
[
δ2φ3
]αγ
ef
(P,K)
24pi
+
α
√
κ
[
δ2φ4
]αγ
ef
(P,K)
24pi
+
α
√
κ
[
δ2φ9
]αγ
ef
(P,K)
60pi
+
α
√
κ
[
δ2φ10
]αγ
ef
(P,K)
15pi
+
α
√
κ
[
δ2φ11
]αγ
ef
(P,K)
8pi
+
α
√
κ
[
δ2φ12
]αγ
ef
(P,K)
24pi
(5.23)
−
α
√
κ
[
δ2φ28
]αγ
ef
(P,K)
12pi
−
α
√
κ
[
δ2φ29
]αγ
ef
(P,K)
12pi
+
7α
√
κ
[
δ2φ32
]αγ
ef
(P,K)
60pi
−
α
√
κ
[
δ2φ33
]αγ
ef
(P,K)
30pi
−
7α
√
κ
[
δ2φ38
]αγ
ef
(P,K)
30pi
−
α
√
κ
[
δ2φ39
]αγ
ef
(P,K)
15pi
.
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It is apparent from these results that the coefficients of the 3 possible anomalies in the
four derivative sector that contribute to the three point correlation function vanish. This
is consistent with previous results (see [11, 27]), that considered only the case where the
Frobenius condition is satisfied (and therefore only the anomaly A4
(0,4,0) =
(
Rˆ+ ∇¯αaα
)2
).
All non-vanishing terms are proportional to α, and therefore represent only trivial terms
that can be removed by adding local counterterms to the effective action. It is also im-
portant to note that these trivial terms contain contributions from φ28, φ29, φ32, φ33, φ38
and φ39. These are terms that vanish in the Frobenius case (for which KA = 0, see [7]
for details), and therefore their coefficients cannot be extracted from a curved spacetime
coupling that assumes the existence of a foliation structure. We conclude that for α 6= 0,
violating the Frobenius condition is essential for describing the obtained trivial terms in
curved spacetime, and for constructing the appropriate counterterms to cancel them.
Finally, we have again verified that the pole residues of the various two and three point
functions satisfy the conservation Ward identity:[
I(3)D
]ρα
afe
(Q,P,K) = 0, (5.24)
which is consistent with the argument made in subsection 3.2 that the conservation Ward
identity (2.46) holds separately on the pole part and on the regular finite part of the
correlation functions (so that TPD invariance is not anomalous).
6 Summary and Outlook
In this work we developed a general scheme for field theory calculations of Lifshitz scale
anomalies. We analyzed the general structure of correlation functions of the stress-energy
tensor in Lifshitz field theories and constructed the corresponding anomalous Ward iden-
tities. We presented a subtle ambiguity in the definition of the anomaly coefficients and
clarified it. Our framework for calculating the anomaly coefficients was based on a split
dimensional regularization where space (momentum) and time (frequency) integrals are
regulated separately, and pole residue calculations that allowed to extract the anomaly
coefficients without a full calculation of the correlation functions.
In order to implement the calculational scheme we had to analyze the coupling of a non-
relativistic, Lifshitz invariant field theory in dt time dimensions and ds space dimensions to
a curved spacetime manifold. This generalized the curved spacetime structure introduced
in [6, 7] to the case of multiple time directions.
We considered as a particular example the z = 2 free scalar field theory in 2 + 1
spacetime dimensions. We showed that the only non-zero anomaly coefficient (of those
appearing in the three point functions) is in the two derivatives sector, which agrees with
the heat kernel calculation in [11]. In order to account for some of the trivial terms arising
from this calculation, we found it necessary to give up the Frobenius condition (and the
corresponding foliation structure) of the curved spacetime description of the theory. This
is because these terms are not in the span of possible anomalous contributions one obtains
when assuming the Frobenius condition.
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There are many directions for further studies that follow from our analysis. It would be
interesting to use the general scheme developed here to calculate the anomaly coefficients
of other Lifshitz field theories. One can also generalize the discussion and consider non-
relativistic field theories that exhibit non-relativistic boost invariance. In such cases one
has in addition to the B-type scale anomalies also A-type ones [7] (see also [33]). In the
relativistic CFT case, scale anomaly coefficients multiply universal terms in entanglement
entropies. It would be of interest to analyze the entanglement entropy structure in Lifshitz
field theories and the role of the scale anomaly coefficients. In the CFT case, A-type
anomaly charges exhibit RG properties, i.e. a decrease from the UV to the IR. The non-
relativistic versions of these are still lacking. Finally, it would be interesting to ask whether
there are experimental observables of the anomaly charges in non-relativistic systems such
as low energy condensed matter ones. One potential path to consider is the hydrodymanics
of such systems [34, 35] and the role of scale anomalies in such descriptions.
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A Notations and Conventions
In this appendix we describe the notations and conventions used in this paper.
A.1 Notations and Conventions in Curved Spacetime
Throughout this paper we use Greek letters (µ, ν, ρ, . . .) to denote spacetime indexes, both
in the relativistic and non-relativistic cases. For the relativistic case, we use a spacetime
metric gµν with signature diag(1,−1,−1, . . .) and denote the flat space metric by ηµν . For
the non-relativistic case, we use a signature of diag(−1,−1, . . . , 1, 1, . . .) (with negative
signs for the time dimensions and positive for the space dimensions), and denote the flat
spacetime metric by δµν .
In both cases we use the standard torsionless Levi-Civita connection associated with
the spacetime metric gµν . That is, the covariant derivative of a vector A
µ is given by:
∇νAµ ≡ ∂νAµ + ΓµνρAρ, (A.1)
where the Christoffel symbols are given by:
Γµνρ =
1
2
gµκ [−∂κgνρ + ∂νgκρ + ∂ρgκν ] . (A.2)
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We use the following convention for the Riemann tensor:
Rλµκν = ∂κΓ
λ
µν − ∂νΓλµκ + ΓλκηΓηµν − ΓλνηΓηµκ, (A.3)
while the Ricci tensor and scalar are given by:
Rµν = R
γ
µγν , R = g
µνRµν . (A.4)
When using the vielbein formalism, the vielbeins eaµ are defined in the relativistic case
such that:
gµν = ηabe
a
µe
b
ν , (A.5)
and in the non-relativistic case:
gµν = δabe
a
µe
b
ν . (A.6)
We use the following notations for the determinants of the metric and the vielbeins:
g ≡ det (gµν) , e ≡ det (eaµ) . (A.7)
We use the following formulas for variations of the metric:
δgµν = −gµαgνβδgαβ, δgµν = −gµαgνβδgαβ, (A.8)
δgαβ (x)
δgµν (x1)
= −1
2
(
gαµgβν + gανgβµ
)
δ (x− x1) , (A.9)
δgσρ
δecα
= −gσλgτρ δgλτ
δecα
, (A.10)
δgρν
δecα
= ηac (δ
α
ρe
a
ν + δ
α
νe
a
ρ) , (A.11)
δ
√
|g| = −1
2
√
|g|gaβδgαβ, δ
√
|g| = 1
2
√
|g|gαβδgαβ. (A.12)
Finally, for reference we give here the expressions for the Weyl tensor squared and the
Euler density of the background manifold in the (3 + 1)-dimensional case:
W 2 = RαβγδRαβγδ − 2RαβRαβ + 1
3
R2, (A.13)
E4 = R
αβγδRαβγδ − 4RαβRαβ +R2. (A.14)
A.2 Notations and Conventions for the Relativistic Scalar Case
As mentioned in appendix A.1, we use Greek letters (µ, ν, ρ, . . .) to denote spacetime
indexes. In the relativistic case, we use a flat spacetime metric of the form: ηµν =
diag(1,−1,−1, . . .). We use the following conventions for the Fourier transforms of two
and three point correlation functions in the relativistic case:
FT [I(2)(x1, x2)] ≡ ∫ ddx1ddx2 I(2)(x1, x2) e−i(−k·x1−q·x2), (A.15)
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FT [I(3)(x1, x2, x3)] ≡ ∫ ddx1ddx2ddx3 I(3)(x1, x2, x3) e−i(−k·x1−q·x2−p·x3), (A.16)
where the lower-case letters p, k, q denote spacetime momenta. We also use the following
notations for the Fourier transformed two and three point correlation functions of the
stress-energy tensor and the variations of the action in flat space:
(2pi)dδ (−k − q) 〈Tµν (−q)T ρσ (q)〉 ≡ FT [〈Tµν (x1)T ρσ (x2)〉] , (A.17)
(2pi)dδ (−k − p− q)
〈
Tµν (−p− q)T ρσ (q)Tαβ (p)
〉
≡ FT
[〈
Tµν (x1)T
ρσ (x2)T
αβ (x3)
〉]
,
(A.18)
(2pi)dδ(−k − p− q)
〈
δ2S
δgµνδgρσ
(k, q)
δS
δgαβ
(p)
〉
≡ FT
[〈
δ2S
δgµν (x1) δgρσ (x2)
δS
δgαβ (x3)
〉]
.
(A.19)
Finally, we use the following notation for the Fourier transformed second variation of
the expression X with respect to the background metric, evaluated in flat spacetime:
(2pi)dδ(−k − p− q)[δ2X (q, p)]ρσαβ ≡ FT [ δ2X(x1)
δgρσ (x2) δgαβ (x3)
∣∣∣∣
gµν=ηµν
]
. (A.20)
A.3 Notations and Conventions for the Lifshitz z = 2 Scalar Case
As explained in subsection 3.2, in the non-relativistic case we define the theory on a man-
ifold M = Mt × Ms, where Mt is a dt-dimensional time manifold and Ms is a ds-
dimensional space manifold, such that it is invariant both under rotations in the time
manifold and in the space manifold separately.
Spacetime coordinates are denoted by xµ = (xµˆ, xµ¯) where µˆ = 1, . . . , dt are time
indexes, µ¯ = 1, . . . , ds are space indexes and µ = 1, . . . , dt + ds are spacetime indexes. We
define a flat metric δˆµˆνˆ = diag(−1, . . . ,−1) on Mt, and δ¯µ¯ν¯ = diag(1, . . . , 1) on Ms. We
also define the time projector onM as δˆµν = diag(δˆµˆνˆ , 0) and similarly the space projector
as δ¯µν = diag(0, δ¯µ¯ν¯), so that δ
µ
ν = δˆ
µ
ν + δ¯
µ
ν . Given a vector vµ on M, we denote its time
projection by vˆµ ≡ δˆµν vν , and its space projection by v¯µ ≡ δ¯µν vν . In the case of dt = 1 time
dimension, we use vˆ (with no index) to denote the time component of the vector vµ, i.e.
vˆµ = −vˆnµ where vˆ ≡ vµnµ and nµ = (1, 0, 0, . . .).
We use capital letters P,K,Q to denote spacetime momenta. The notations P¯ and Pˆ
then refer to the spatial and temporal projections of the momentum P , respectively. We
use the following conventions for the Fourier transforms of two and three point correlation
functions in the non-relativistic case:
FT [I(2) (x = (xˆ, x¯) , y = (yˆ, y¯))] ≡ ∫ ddt+dsx ddt+dsy I(2) (x, y) ei(Q·x+P ·y), (A.21)
FT [I(3)(x, y, z)] ≡ ∫ ddt+dsx ddt+dsy ddt+dsz I(3)(x, y, z)ei(Q·x+P ·y+K·z). (A.22)
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We also use the following notations for the Fourier transformed two and three point
correlation functions of the stress-energy tensor and the variations of the action with respect
to the vielbeins in flat space:
(2pi)dt+dsδ (−P −Q) 〈Tµν (P )T ρσ (−P )〉 ≡ FT
[〈
Tµν (x)Tαβ (y)
〉]
, (A.23)
(2pi)dt+dsδ (−P −K −Q)
〈
Tµν (−P −K)Tαβ (P )T γδ (K)
〉
≡ FT
[〈
Tµν (x)Tαβ (y)T γδ (z)
〉]
,
(A.24)
(2pi)dt+dsδ(−P −K −Q)
〈
δ2S
δebαδecγ
(P,K)
δS
δeaµ
(Q)
〉
≡ FT
[〈
δ2S
δebα (y) δecγ (z)
δS
δeaµ (x)
〉]
.
(A.25)
Finally, our notations for the various Ward identities of the flat space correlation
functions (2.45)–(2.50) are as follows: We use I to denote the Ward identities (2.45)–(2.48)
derived using a change of the variables in the path integral, whereas W denotes Ward
identities (2.49)–(2.50) derived from variations of the curved spacetime Ward identities.
The subscript refers to the relevant symmetry: D corresponds to TPD symmetry, whereas
W corresponds to anisotropic Weyl symmetry. The superscript (n) refers to the number of
points in the correlation function. The notation for the Fourier transforms of these Ward
identities is given in (5.12)–(5.15).
B Non-Relativistic Curved Spacetime with Multiple Time Directions
In this appendix we discuss the coupling of a non-relativistic, Lifshitz invariant field theory
in dt time dimensions and ds space dimensions to a curved spacetime manifold. We first
generalize the curved spacetime structure introduced in [6, 7] to the case of multiple time
directions. We then discuss the local symmetries of the theory over curved spacetime.
Finally we construct the curved spacetime action that corresponds to the free z = 2 Lifshitz
scalar.
B.1 Curved Spacetime Definitions
Consider a non-relativistic field theory defined over a spacetime manifold with dt time
dimensions and ds space dimensions, such that it is invariant both under time rotations
and space rotations. In order to define the theory over a curved spacetime manifold, we
generalize the structure introduced in [6, 7]. We require the background manifold to be
equipped with a metric gµν , or alternatively vielbeins e
a
µ, as well as a distribution of
dimension ds, corresponding to the space directions at each point of the manifold.
This distribution can be represented by the cotangent subbundle of 1-forms that an-
nihilate space tangent vectors. Suppose this subbundle is spanned by a basis of dt linearly
independent 1-forms t
(i)
µ (i = 1, . . . , dt) that correspond to the dt time directions, so that
a vector V α is space tangent if and only if t
(i)
µ V µ = 0 for all 1 ≤ i ≤ dt. Then physical
quantities, such as the curved spacetime action of the theory, will depend on the subbundle
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spanned by {t(i)µ }, but not on the choice of basis. We therefore expect them to be invariant
under transformations of the form: t
(i)
µ → Lij(x)t(j)µ , where Lij is an invertible matrix that
depends on the spacetime coordinate x. Alternatively, we can choose an orthonormal basis
of 1-forms n
(i)
µ , satisfying:
gµνn(i)µ n
(j)
ν = −δij , (B.1)
and require invariance under local rotations of the time directions – transformations of the
form n
(i)
µ → Λij(x)n(j)µ , where Λij is an orthogonal matrix that depends on the coordinate
x.
Using the set of 1-forms n
(i)
µ we can make several definitions on the background man-
ifold. A tensor T¯αβ... is space tangent if it satisfies:
nα(i)T¯αβγ = n
β
(i)T¯αβγ = . . . = 0, (B.2)
for any 1 ≤ i ≤ dt. Any tensor can be rendered space tangent by projecting it on the space
directions using the space projector (or spatial metric), defined as:31
Pµν = gµν + n
(i)
µ n
(i)
ν . (B.3)
The covariant derivative of the 1-form n
(i)
µ can be decomposed as follows:
∇αn(i)β = (KS)(i)αβ + (KA)(i)αβ − a(ij)β n(j)α − b(ij)α n(j)β + c(ijk)n(j)α n(k)β , (B.4)
where (KS)
(i)
αβ, (KA)
(i)
αβ, a
(ij)
α and b
(ij)
α are space tangent tensors. (KS)
(i)
αβ is symmetric, and
given by:
(KS)
(i)
αβ = P
α′
α P
β′
β ∇(α′n(i)β′) =
1
2
L¯n(i) Pαβ, (B.5)
where the space projected Lie derivative L¯n(i) of a space tangent tensor T¯αβ... is defined as
follows:
L¯n(i) T¯αβ... ≡ Pα
′
α P
β′
β . . .Ln(i) T¯α′β′.... (B.6)
We denote its trace by K
(i)
S ≡ (KS)(i)µµ. (KA)(i)αβ is antisymmetric and given by:
(KA)
(i)
αβ = P
α′
α P
β′
β ∇[α′n(i)β′]. (B.7)
a
(ij)
β is given by:
a
(ij)
β = P
β′
β n
α
(j)∇αn(i)β′ , (B.8)
and we define the generalized acceleration vector aβ as trace over the time indexes: aβ ≡
a
(ii)
β . b
(ij)
α is given by:
b(ij)α = P
α′
α n
β
(j)∇α′n
(i)
β , (B.9)
and from (B.1) it is easy to show that b
(ij)
α is antisymmetric in its time indexes, i.e. b
(ji)
α =
31A summing convention is assumed for repeated time indexes (i, j, . . .).
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−b(ij)α . One can also obtain the following expression for the space projected Lie derivative
of the 1-form n
(j)
µ in the direction of n
µ
(i):
L¯n(i) n(j)µ = a(ji)µ − b(ji)µ , (B.10)
so that the generalized acceleration vector is also given by:
aµ ≡ a(ii)µ = L¯n(i) n(i)µ . (B.11)
Finally, c(ijk) is a scalar given by:
c(ijk) = nα(j)n
β
(k)∇αn
(i)
β , (B.12)
that satisfies c(kji) = −c(ijk) (again from (B.1)).
Next we define the space tangent covariant derivative of a space tangent tensor T¯αβ...
as follows:
∇¯µT¯αβ... ≡ Pµ′µ Pα
′
α P
β′
β . . .∇µ′ T¯α′β′.... (B.13)
Note that the spatial metric Pαβ is covariantly constant under this derivative:
∇¯µPαβ = 0. (B.14)
Operating with the commutation of two space tangent derivatives on a space tangent tensor
T¯αβ..., one obtains the following expression:[∇¯µ, ∇¯ν] T¯αβ... = R˜αρµν T¯ ρβ... + R˜βρµν T¯αρ... + . . .+ 2(KA)(i)µνL¯n(i) T¯αβ..., (B.15)
where R˜αρµν is a space tangent tensor defined by:
R˜αρµν ≡ Pα′α P ρ
′
ρ P
µ′
µ P
ν′
ν Rα′ρ′µ′ν′ − 2(KA)(i)µνK(i)αρ −K(i)µαK(i)νρ +K(i)ναK(i)µρ , (B.16)
K
(i)
αβ ≡ (KS)(i)αβ + (KA)(i)αβ is the total space tangent component of ∇αn(i)β and Rαρµν is the
standard Riemann curvature associated with the covariant derivative ∇µ (see appendix A
for our conventions). Similarly to the one time direction case (see [7]), the tensor R˜αρµν
does not have all of the standard symmetries of the Riemann tensor. It is therefore useful
to define a modified Riemann tensor:
R̂αρµν ≡ R˜αρµν + 2(KA)(i)µν(KS)(i)αρ + (KA)(i)µα(KS)(i)νρ + (KS)(i)µα(KA)(i)νρ
− (KA)(i)να(KS)(i)µρ − (KS)(i)να(KA)(i)µρ,
(B.17)
which satisfies the usual Riemann tensor symmetries except for the second Bianchi identity.
We then define the equivalents of the Ricci tensor and scalar for this modified Riemann
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tensor R̂αρµν as follows:
R̂ρν ≡ R̂µρµν = PαµR̂αρµν ,
R̂ ≡ R̂νν = P ρνR̂ρν .
(B.18)
Note that from the above definitions, one gets the following identity for the divergence of
a space tangent vector V¯ µ:
∇µV¯ µ = (∇¯µ + aµ)V¯ µ. (B.19)
B.2 Symmetries Over Curved Spacetime
Next we turn to discuss the symmetries of the curved spacetime field theory. Like in the
one time direction case, the symmetries of the flat space Lifshitz theory translate to local
symmetries over curved spacetime:
First, as mentioned in subsection 2.2.1 for the one time direction case, we require time-
direction preserving diffeomorphism (TPD) invariance that corresponds to space rotation
symmetry in flat space. In this case, these are diffeomorphisms with a parameter ξ that
satisfies: Lξt(i)α = M ij(x)t(j)α where M ij is some spacetime dependent invertible dt × dt
matrix. Similarly to the one time direction case (see [6, 7]), we can extend these to the full
diffeomorphism group by having the 1-forms t
(i)
µ transform appropriately:
δDξ gµν = ∇µξν +∇νξµ, δDξ t(i)α = Lξ t(i)α = ξβ∇βt(i)α +∇αξβt(i)β . (B.20)
Second, as previously mentioned, we require invariance under local time rotations of
the form n
(i)
µ → Λij(x)n(j)µ , where Λij is a spacetime dependent orthogonal matrix. In
infinitesimal form, these transformations are given by:
δTωn
(i)
α = ωijn
(j)
α , δ
T
ω gµν = δ
T
ωPµν = 0, (B.21)
where ωij is a transformation parameter that satisfies ωji = −ωij . From this transformation
and the definition of the derivatives L¯n(i) , ∇¯µ we obtain the following for a space tangent
tensor T¯αβ...:
δTω L¯n(i) T¯αβ... = L¯n(i) δTω T¯αβ... + ωijL¯n(j) T¯αβ...,
δTω ∇¯µT¯αβ... = ∇¯µδTω T¯αβ....
(B.22)
Using these formulas and the various definitions from appendix B.1, the following time
rotation transformation rules can be derived:
δTω (KS)
(i)
αβ = ω
ij(KS)
(j)
αβ,
δTωK
(i)
S = ω
ijK
(j)
S ,
δTω (KA)
(i)
αβ = ω
ij(KA)
(j)
αβ, (B.23)
δTω a
(ij)
µ = ω
ika(kj)µ + ω
jka(ik)µ ,
δTω aµ = 0,
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δTω R̂αρµν = δ
T
ω R̂ρν = δ
T
ω R̂ = 0.
Finally we require anisotropic Weyl invariance, which is the local version of Lifshitz
scale invariance in flat space (5.5). In the case of multiple time directions, the infinitesimal
anisotropic Weyl transformation is given by:
δWσ Pµν = 2σPµν , δ
W
σ n
µ
(i) = −zσnµ(i), δWσ n(i)µ = zσn(i)µ . (B.24)
From this transformation and the definition of the derivatives L¯n(i) , ∇¯µ we get the following
formulas for a space tangent tensor T¯αβ...:
δWσ L¯n(i) T¯αβγ... = −zσL¯n(i) T¯αβγ... + L¯n(i) δWσ T¯αβγ...,
δWσ (∇¯µT¯αβγ...) = ∇¯µ(δWσ T¯αβγ...)− I[T¯ ]∇¯µσT¯αβ...
− (∇¯ασ)T¯µβγ... + ∇¯ρσPµαT¯ ρβ... − . . . ,
(B.25)
where I[T¯ ] is the rank of the tensor T¯αβ.... Using these formulas and the various definitions
from appendix B.1, the following anisotropic Weyl transformation rules can be derived:
δWσ (KS)
(i)
µν = (2− z)σ(KS)(i)µν + PµνL¯n(i) σ,
δWσ K
(i)
S = −zσK(i)S + dsL¯n(i) σ,
δWσ aµ = zdt∇¯µσ,
δWσ (KA)
(i)
µν = zσ(KA)
(i)
µν ,
δWσ R̂αρµν = 2σR̂αρµν + Pαν∇¯(ρ∇¯µ)σ − Pαµ∇¯(ρ∇¯ν)σ
+ Pρµ∇¯(α∇¯ν)σ − Pρν∇¯(α∇¯µ)σ,
δWσ R̂αµ = (2− ds)∇¯(α∇¯µ)σ − Pαµ∇¯2σ,
δWσ R̂ = −2σR̂− 2(ds − 1)∇¯2σ.
(B.26)
B.3 Action of the Free z = 2 Scalar
Consider the free Lifshitz scalar in ds + dt dimensions with a dynamical critical exponent
of z = 2. Its flat space action is given in (5.4). In order to couple it to a curved spacetime
manifold, we have to define its curved spacetime action S(gµν , t
(i)
α , φ) such that it is invariant
under TPD, local time rotation and anisotropic Weyl transformations, and it reduces to
the action (5.4) in the flat space limit. We also require it to be regular in the physical limit
dt → 1, for the sake of using the split dimensional regularization procedure as described in
subsection 3.2.
Suppose that φ has a scaling dimension s under anisotropic Weyl transformations, that
is:
δWσ φ = s σφ. (B.27)
For the temporal part of the action, using the transformations given in appendix B.2 we
can find a linear combination of Ln(i)φ and K(i)S φ which is covariant under both local time
rotations and anisotropic Weyl transformations (it transforms with no contribution from
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derivatives of the parameters ωij and σ):(
Ln(i) −
s
ds
K
(i)
S
)
φ. (B.28)
For the spatial part of the action, we can find a linear combination of ∇¯2φ, aµ∇¯µφ, a2φ
and ∇¯µaµ φ which is anisotropic-Weyl-covariant, given by:[
∇¯2 + 2− ds − 2s
zdt
aµ∇¯µ − s(2− ds − s)
z2d2t
a2 − s
zdt
∇¯µaµ
]
φ, (B.29)
or alternatively, we can use ∇¯2φ, aµ∇¯µφ, a2φ and R̂φ to obtain the following anisotropic-
Weyl-covariant linear combination:32[
∇¯2 + 2− ds − 2s
zdt
aµ∇¯µ − s(2− ds − 2s)
2z2d2t
a2 − s
2(1− ds)R̂
]
φ. (B.30)
Finally, for the action to be anisotropic-Weyl-invariant with z = 2, the dimension of
the scalar field is required to satisfy:
2(s− 2) + 2dt + ds = 0⇒ s = 2− dt − 1
2
ds. (B.31)
Combining these expressions, we arrive at two possible options for the curved spacetime
action of the free z = 2 scalar (corresponding to the two options for the spatial part). The
first option is given by:
S =
∫
ddt+dsx
√
|g|
{
1
2
[
Ln(i)φ+ ξ1K(i)S φ
]2
−κ
2
[∇¯2φ+ ξ2 aµ∇¯µφ+ ξ3 a2φ+ ξ4 ∇¯µaµφ]2} , (B.32)
where:
ξ1 ≡ 1
ds
(
1
2
dlif − 2
)
, ξ2 ≡ dt − 1
dt
,
ξ3 ≡ 1
4d2t
(
1
2
dlif − 2
)(
dt − 1
2
ds
)
, ξ4 ≡ 1
2dt
(
1
2
dlif − 2
)
,
(B.33)
and dlif ≡ 2dt + ds. The second option is given by:
S =
∫
ddt+dsx
√
|g|
{
1
2
[
Ln(i)φ+ ξ′1K(i)S φ
]2
−κ
2
[
∇¯2φ+ ξ′2 aµ∇¯µφ+ ξ′3 a2φ+ ξ′4 R̂φ
]2}
,
(B.34)
32Of course, any linear combination of these two options could also be used.
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where:
ξ′1 ≡
1
ds
(
1
2
dlif − 2
)
, ξ′2 ≡
dt − 1
dt
,
ξ′3 ≡
dt − 1
4d2t
(
1
2
dlif − 2
)
, ξ′4 ≡ −
1
2(ds − 1)
(
1
2
dlif − 2
)
.
(B.35)
These actions are indeed invariant under TPDs, local time rotations and anisotropic Weyl
transformations. They are also regular in the dt → 1 limit, as required.
In this work we have chosen to use the first option. Note, however, that for the purpose
of the Lifshitz anomalies calculation in 2 + 1 dimensions (as done in section 5), the results
would be the same for both options, since the difference between them is proportional to
εlif and therefore does not contribute to the εlif pole residues of the flat space correlation
functions (see subsection 3.2 for details).
C Relativistic Scalar Field – Feynman Rules, Vertexes and Integrals
In this appendix we give some details for the calculations of the two and three point
correlation functions which are required for computing the conformal anomaly coefficients
of the relativistic scalar field in two and four spacetime dimensions, as explained in section 4.
C.1 Feynman Rules and Diagrams
The propagator of the relativistic scalar field is given by:
〈φφ〉 (q) = i
q2 −m2 + i , (C.1)
where, as explained in subsection 3.1, m is an IR mass regulator later taken to be zero.
The (Fourier transformed) two and three point Feynman correlation functions of the stress-
energy tensor are given by the expressions:
〈Tµν (p)T ρσ (−p)〉 = (i)
2
2
∫
ddq
(2pi)d
VT
µν (q, p− q)
[q2 −m2 + i]
VT
ρσ (q, p− q)
[(p− q)2 −m2 + i] , (C.2)
and 〈
Tµν (k = −p− q)T ρσ (q)Tαβ (p)
〉
F
=
(i3)
∫
ddl
(2pi)d
VT
µν (−l, l − p− q)
[l2 −m2 + i]
VT
ρσ (l, q − l)[
(q − l)2 −m2 + i
]
× VT
αβ (l − q,−l + p+ q)[
(p+ q − l)2 −m2 + i
] .
(C.3)
These expressions correspond to Feynman diagrams of the form given in figure 1 for the
two point function of the stress-energy tensor, and figure 2 for the three point function of
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the stress-energy tensor. The vertexes V µνT are given by:
VT
µν (q, p) = −
(
1 +
d− 2
2 (1− d)
)
AT
µν (q, p)−
(
d− 2
2 (1− d)
)
CT
µν (q, p)
+
(
1
2
+
d− 2
2 (1− d)
)
BT
µν (q, p) +
(
d− 2
2 (1− d)
)
DT
µν (q, p) ,
(C.4)
where AT , BT , CT and DT are defined by:
AT
µν (q, p) = (i)2 (qµpν + qνpµ) , (C.5)
BT
µν (q, p) = 2(i)2ηµν (q · p) , (C.6)
CT
µν (q, p) = (i)2 (qµqν + pµpν) , (C.7)
DT
µν (q, p) = (i)2ηµν
(
q2 + p2
)
. (C.8)
Note that terms which carry coefficients of order O(ε) do not contribute to the pole residues
of the correlation functions, and can therefore be ignored for the purpose of our calculations.
For example, the terms CT and DT in equation (C.4) can be neglected when calculating the
pole residues around two spacetime dimensions. However, these terms cannot be neglected
in four dimensions since their coefficients are no longer proportional to ε.
The expression for the correlation function (A.19) (which corresponds to a Feynman
diagram of the form given in figure 3) is the following:〈
δ2S
δgµνδgρσ
(k, q)
δS
δgαβ
(p)
〉
=
(i)2
2
∫
ddl
(2pi)d
V µνρσ (p+ l,−l)
[l2 −m2 + i]
VT
αβ (−l, p+ l)[
(p+ l)2 −m2 + i
] , (C.9)
where the vertex V µνρσ is defined by:
V µνρσ (p, q) ≡ V0µνρσ (p, q) + V1µνρσ (p, q) , (C.10)
where:
V0
µνρσ (p, q) ≡
− 18ηµσηνρpαqα − 18ηµρηνσpαqα + 18ηµνηρσpαqα − 18ηρσpνqµ + 18ηνσpρqµ
+ 18ηνρpσqµ − 18ηρσpµqν + 18ηµσpρqν + 18ηµρpσqν + 18ηνσpµqρ + 18ηµσpνqρ
− 18ηµνpσqρ + 18ηνρpµqσ + 18ηµρpνqσ − 18ηµνpρqσ,
(C.11)
V1
µνρσ (p, q) ≡
− ηµσηνρpαp
α
32(−1 + d) +
dηµσηνρpαp
α
64(−1 + d) −
ηµρηνσpαp
α
32(−1 + d) +
dηµρηνσpαp
α
64(−1 + d)
− ηµνηρσpαp
α
16(−1 + d) +
dηµνηρσpαp
α
32(−1 + d) −
3ηρσpµpν
16(−1 + d) +
3dηρσpµpν
32(−1 + d) +
ηνσpµpρ
32(−1 + d)
− dηνσpµpρ
64(−1 + d) +
ηµσpνpρ
32(−1 + d) −
dηµσpνpρ
64(−1 + d) +
ηνρpµpσ
32(−1 + d) −
dηνρpµpσ
64(−1 + d)
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+
ηµρpνpσ
32(−1 + d) −
dηµρpνpσ
64(−1 + d) −
3ηµνpρpσ
16(−1 + d) +
3dηµνpρpσ
32(−1 + d) −
ηµσηνρp
αqα
8(−1 + d)
+
dηµσηνρp
αqα
16(−1 + d) −
ηµρηνσp
αqα
8(−1 + d) +
dηµρηνσp
αqα
16(−1 + d) −
ηµσηνρqαq
α
32(−1 + d)
+
dηµσηνρqαq
α
64(−1 + d) −
ηµρηνσqαq
α
32(−1 + d) +
dηµρηνσqαq
α
64(−1 + d) −
ηµνηρσqαq
α
16(−1 + d)
+
dηµνηρσqαq
α
32(−1 + d) −
ηρσpνqµ
8(−1 + d) +
dηρσpνqµ
16(−1 + d) +
ηνσpρqµ
16(−1 + d) −
dηνσpρqµ
32(−1 + d) (C.12)
+
ηνρpσqµ
16(−1 + d) −
dηνρpσqµ
32(−1 + d) −
ηρσpµqν
8(−1 + d) +
dηρσpµqν
16(−1 + d) +
ηµσpρqν
16(−1 + d)
− dηµσpρqν
32(−1 + d) +
ηµρpσqν
16(−1 + d) −
dηµρpσqν
32(−1 + d) −
3ηρσqµqν
16(−1 + d) +
3dηρσqµqν
32(−1 + d)
+
ηνσpµqρ
16(−1 + d) −
dηνσpµqρ
32(−1 + d) +
ηµσpνqρ
16(−1 + d) −
dηµσpνqρ
32(−1 + d) −
ηµνpσqρ
8(−1 + d)
+
dηµνpσqρ
16(−1 + d) +
ηνσqµqρ
32(−1 + d) −
dηνσqµqρ
64(−1 + d) +
ηµσqνqρ
32(−1 + d) −
dηµσqνqρ
64(−1 + d)
+
ηνρpµqσ
16(−1 + d) −
dηνρpµqσ
32(−1 + d) +
ηµρpνqσ
16(−1 + d) −
dηµρpνqσ
32(−1 + d) −
ηµνpρqσ
8(−1 + d)
+
dηµνpρqσ
16(−1 + d) +
ηνρqµqσ
32(−1 + d) −
dηνρqµqσ
64(−1 + d) +
ηµρqνqσ
32(−1 + d) −
dηµρqνqσ
64(−1 + d)
− 3ηµνqρqσ
16(−1 + d) +
3dηµνqρqσ
32(−1 + d) .
C.2 Massless Integrals
The full evaluation of the two point correlation function of the stress-energy tensor as given
in equation (4.5) requires the use of the following dimensionally-regulated integrals (taken
from [38], and transformed into the Lorentzian signature conventions):
I1 ≡
∫
ddq
(2pi)d
1
q2(q − p)2
=
(−1)d/2−2 i
(4pi)d/2
Γ (d/2− 1) Γ (d/2− 1) Γ (2− d/2)
Γ (d− 2)
(
p2
)d/2−2
,
(C.13)
∫
ddq
(2pi)d
qµ
q2(q − p)2 = I2pµ, (C.14)∫
ddq
(2pi)d
qµqν
q2(q − p)2 = I3ηµν + I4pµpν , (C.15)∫
ddq
(2pi)d
qµqνqγ
q2(q − p)2 = I5pµpνpγ + I6Eµνγ , (C.16)∫
ddq
(2pi)d
qµqνqγqσ
q2(q − p)2 = I7pµpνpγpσ + I8Gµνγσ + I9Hµνγσ, (C.17)
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where:
Eµνγ ≡ ηµνpγ + ηµγpν + ηνγpµ, (C.18)
Gµνγσ ≡ ηµνpγpσ + ηµγpνpσ + ηµσpγpν + ηνγpµpσ
+ ηνσpµpγ + ηγσpµpν ,
(C.19)
Hµνγσ = ηµνηγσ + ηµσηνγ + ηµγηνσ, (C.20)
and:
I2 =
1
2
I1, (C.21)
I3 = − p
2
4 (d− 1)I1, (C.22)
I4 =
d
4 (d− 1)I1, (C.23)
I5 =
d+ 2
8 (d− 1)I1, (C.24)
I6 = − p
2
8 (d− 1)I1, (C.25)
I7 =
(d+ 2) (d+ 4)
16 (d2 − 1) I1, (C.26)
I8 = − (d+ 2)
16 (d2 − 1)p
2I1, (C.27)
I9 =
1
16 (d2 − 1)
(
p2
)2
I1. (C.28)
D Lifshitz z = 2 Scalar Field – Feynman Rules, Vertexes and Integrals
In this appendix we give some details for the calculation of the two and three point cor-
relation functions which are required for computing the Lifshitz anomaly coefficients of a
z = 2 free scalar field in 2 + 1 dimensions, as explained in section 5. These include the
expressions for the Feynman diagrams, the Feynman rules for the propagator and all the
vertexes needed.
The propagator of the Lifshitz z = 2 scalar is given by:
〈φφ〉 (Q) = − i
i+m2 + κ(Q¯αQ¯α)2 + (QˆαQˆα)
. (D.1)
We denote the external momentum of the two point Feynman diagram by Pµ =
(
Pˆµ, P¯µ
)
,
and the “running” loop momentum by Qµ =
(
Qˆµ, Q¯µ
)
. The expression for the two point
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function Feynman diagram, as illustrated in figure 1, is given by:〈
Tµν (P )Tαβ (−P )
〉
=
− 1
2
∫
ddtQˆ
(2pi)dt
∫
ddsQ¯
(2pi)ds
V µν (Q,P −Q)
[i+m2 + κ(Q¯αQ¯α)2 + (QˆαQˆα)]
· V
αβ (Q,P −Q)
[i+m2 + κ((Q¯− P¯ )α(Q¯− P¯ )α)2 + ((Qˆ− Pˆ )α(Qˆ− Pˆ )α)]
,
(D.2)
where (as in the relativistic calculation) m is an IR regulator later taken to be zero.
Figure 1. The Feynman diagram corresponding to the two point correlation function of the stress-
energy tensor. Zigzag lines represent external momenta associated with the stress-energy tensor
insertions. Dashed lines represent the propagators of the scalar φ “running” in the loop. The
expression corresponding to the vertexes is given in equation (D.3).
Figure 2. The Feynman diagram corresponding to the three point correlation function of the
stress-energy tensor. Zigzag lines represent external momenta associated with the stress-energy
tensor insertions. Dashed lines represent the propagators of the scalar φ “running” in the loop.
The expression corresponding to the vertexes is given in equation (D.3).
Figure 3. The Feynman diagram corresponding to the correlation function (D.5). Zigzag lines
represent the external momenta. Dashed lines represent the propagators of the scalar φ “running”
in the loop. The expression for the right vertex is given in equation (D.3). The expression for the
left vertex is constructed from several terms which are detailed in this appendix.
It is straightforward to calculate the expression corresponding to the vertex Vµν from
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the stress-energy tensor given in (5.11). The result is:
V αβ(P,K) = −κK¯βK¯γK¯γP¯α + (ds − 2dt)κK¯γK¯
γKˆβP¯
α
4dt
− κK¯αK¯γK¯γP¯β − KˆαP¯β
+
(ds + 2dt)κK¯
αKˆβP¯γP¯
γ
4dt
− κK¯βP¯αP¯γP¯ γ − κKˆβP¯αP¯γP¯ γ − κK¯αP¯βP¯γP¯ γ
+ κK¯γK¯
γK¯δ δ¯αβP¯δ − (ds − 2dt)κK¯γK¯
γK¯δ δˆαβP¯δ
4dt
+ κK¯γK¯
γ δ¯αβP¯δP¯
δ
− dsκK¯γK¯
γ δˆαβP¯δP¯
δ
2dt
+ κK¯γ δ¯αβP¯γP¯δP¯
δ − (ds − 2dt)κK¯
γ δˆαβP¯γP¯δP¯
δ
4dt
− K¯βPˆα − KˆβPˆα − κK¯αK¯γK¯γPˆβ + Kˆγ δˆαβPˆγ + Kˆγ δ¯αβPˆγ
− KˆαPˆβ + (ds + 2dt)κK¯γK¯
γP¯αPˆβ
4dt
+
(ds − 2dt)κK¯αP¯γP¯ γPˆβ
4dt
.
(D.3)
The expression (D.3) corresponds to the vertexes in figures 1 and 2, and to the right vertex
in figure 3.
The expression for the Feynman diagram corresponding to the three point function of
the stress-energy tensor, as illustrated in figure 2, is given by:〈
Tµν (L = −P −K)Tαβ (P )T ρσ (K)
〉
=
i
∫
ddtQˆ
(2pi)dt
∫
ddsQ¯
(2pi)ds
V αβ (Q,P −Q)
[i+m2 + κ(Q¯αQ¯α)
2
+ (QˆαQˆα)]
· V
ρσ (−P +Q,K + P −Q)
[i+m2 + κ((Q¯− P¯ )α(Q¯− P¯ )α)2 + ((Qˆ− Pˆ )α(Qˆ− Pˆ )
α
)]
· V
µν (−K − P +Q,−Q)
[i+m2 + κ((Q¯− P¯ − K¯)α(Q¯− P¯ − K¯)α)2 + ((Qˆ− Pˆ − Kˆ)α(Qˆ− Pˆ − Kˆ)
α
)]
.
(D.4)
The expression for the Feynman diagram corresponding to the correlation function (A.25),
as illustrated in figure 3, is given by:〈
δ2S
δebαδecγ
(P,K)
δS
δeaµ
(−P −K)
〉
=
− 1
2
∫
ddtQˆ
(2pi)dt
∫
ddsQ¯
(2pi)ds
[
δ2S
]αγ
bc
(P,K, P +K −Q,Q)
[i+m2 + κ(Q¯αQ¯α)2 + (QˆαQˆα)]
· V
µ
a (P +K −Q,Q)
[i+m2 + κ((Q¯− P¯ − K¯)α(Q¯− P¯ − K¯)α)2 + ((Qˆ− Pˆ − Kˆ)α(Qˆ− Pˆ − Kˆ)α)]
,
(D.5)
where the expression
[
δ2S
]
αβγδ
(P,K,Q,L) ≡ δαα′δγγ′δbβδcδ
[
δ2S
]α′γ′
bc
(P,K, P +K −Q,Q)
corresponds to the insertion of the second variation of the action δ
2S
δebαδecγ
in flat space. P
and K in this expression refer to the external momenta, whereas the two momenta Q and
L correspond to the two scalar propagator lines attached to the vertex, as illustrated in
figure 3.
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The expression for the vertex
[
δ2S
]
αβγδ
(P,K,Q,L) is quite long, and the remainder
of this appendix is dedicated to the details of its calculation. For convenience, we split it
into several parts as follows. Ignoring the terms of order O(εlif), the action (5.2) takes the
form:
S =
∫
ddt+dsx (e)
(
1
2
(
Ln(i)φ
)2 − κ
2
(
∇¯2φ+
(
dt − 1
dt
)
aµ∇¯µφ
)2)
. (D.6)
Let us define:
SI ≡
∫
ddt+dsx (e)
(
1
2
(
Ln(i)φ
)2)
, (D.7)
and
SII ≡ −κ
2
∫
ddt+dsx (e)
(
∇¯2φ+
(
dt − 1
dt
)
aµ∇¯µφ
)2
, (D.8)
so that:
S = SI + SII . (D.9)
The contribution of the first part of the action (D.7) to the vertex
[
δ2S
]
αβγδ
(P,K,Q,L)
can be easily derived:[
δ2SI
]
αβγδ
(P,K,Q,L) =
1
2
(−δγδLˆαQβ + δαδLˆγQβ + Lδ δˆαγQβ
+ δγβLˆαQδ − δαβLˆγQδ + Lβ δˆαγQδ − δγδLβQˆα
+ δγβLδQˆα + δαδLβQˆγ − δαβLδQˆγ − 12(δαδδγβ
− δαβδγδ)LˆµQˆµ − 12(δαδδγβ
− δαβδγδ)LˆνQˆν
)
.
(D.10)
For the contribution of the second part of the action (D.8), it is convenient to use the
following identity (which follows from (B.19)):
∇¯2φ = ∇µ∇¯µφ− aν∇¯νφ. (D.11)
SII can then be written as follows:
SII = −κ
2
∫
ddt+dsx (e) I23 ≡ −
κ
2
∫
ddt+dsx (e)
(
I1 − 1
dt
I2
)2
, (D.12)
where I1, I2 and I3 are defined by:
I1 ≡ ∇µ∇¯µφ = 1
e
∂µ
(
eP abeµae
ν
b∂νφ
)
, (D.13)
I2 ≡ aν∇¯νφ, (D.14)
and
I3 ≡ I1 − 1
dt
I2. (D.15)
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The second variation of the expression SII with respect to the vielbeins, evaluated in flat
space, can be decomposed as follows:
δ2SII
δebα(y)δecγ(z)
∣∣∣∣
flat space
=
− κ
2
∫
ddt+dsx
[
δ2e(x)
δebα(y)δecγ(z)
(
∂¯µ∂¯
µφ(x)
)2
+2
δe(x)
δebα(y)
(
∂¯µ∂¯
µφ(x)
) δI3(x)
δecγ(z)
+2
δe(x)
δecγ(z)
(
∂¯µ∂¯
µφ(x)
) δI3(x)
δebα(y)
+ 2
δI3(x)
δebα(y)
δI3(x)
δecγ(z)
+2
(
∂¯µ∂¯
µφ(x)
) δ2I3(x)
δebα(y)δecγ(z)
]
,
(D.16)
where all variations with respect to the vielbeins in this expression are evaluated at flat
space. Each instance of the first order variations of I3 that appear in the second, third and
fourth terms in (D.16) contributes an expression of the following form to the vertex:
[δ (I3)]αβ (P,Q) ≡ −P¯αQβ − PβQ¯α +
PˆβQ¯α
dt
+ 2QβQ¯α + δαβP¯
γQ¯γ − δˆαβP¯
γQ¯γ
dt
, (D.17)
where the momentum P here refers to one of the external momenta associated with the
vertex, and Q to the momentum of one of the scalar propagator lines attached to it. The
contribution of the expression
∫
ddt+dsx ∂¯µ∂¯
µφ(x) δ
2I1(x)
δebα(y)δecγ(z)
(contained in the last term
of (D.16)) to the vertex is given by:[
δ2I˜1
]
αβγδ
(P,K,Q,L) ≡
1
2
(
−
(
−2(−δγδLβL¯α + δγβLδL¯α)− 2(δαδLβL¯γ − δαβLδL¯γ)− (−δαδδγβ
+ δαβδγδ)L¯ρL¯
ρ − (δαδδγβ + δαβδγδ)L¯ρL¯ρ + δγδ(−2LβL¯α + δαβL¯ρL¯ρ)
+ δαβ(−2LδL¯γ + δγδL¯ρL¯ρ)− 2LβLδ δ¯αγ − δγδPρ(−δβρL¯α + δαβL¯ρ
− Lβ δ¯ρα)− δαβKρ(−δδρL¯γ + δγδL¯ρ − Lδ δ¯ργ) + (Kρ + Pρ)
(
(δδ
ρδγβ
− δβρδγδ)L¯α + (−δδρδαβ + δβρδαδ)L¯γ + (−δαδδγβ + δαβδγδ)L¯ρ
+ (δδ
ρLβ + δβ
ρLδ)δ¯γα + (−δγδLβ + δγβLδ)δ¯ρα + (δαδLβ
− δαβLδ)δ¯ργ
))
Q¯µQ¯
µ − L¯µL¯µ
(
−2δ¯αγQβQδ − 2(−δγδQβQ¯α + δγβQδQ¯α) (D.18)
− 2(δαδQβQ¯γ − δαβQδQ¯γ)− (−δαδδγβ + δαβδγδ)Q¯νQ¯ν − (δαδδγβ
+ δαβδγδ)Q¯νQ¯
ν − δγδPν(−δ¯ναQβ − δβνQ¯α + δαβQ¯ν)− δαβKν(−δ¯νγQδ
− δδνQ¯γ + δγδQ¯ν) + (Kν + Pν)
(
δ¯γα(δδ
νQβ + δβ
νQδ) + δ¯
ν
γ(δαδQβ − δαβQδ)
+ δ¯να(−δγδQβ + δγβQδ) + (δδνδγβ − δβνδγδ)Q¯α + (−δδνδαβ
+ δβ
νδαδ)Q¯γ + (−δαδδγβ + δαβδγδ)Q¯ν
)
+ δγδ(−2QβQ¯α + δαβQ¯νQ¯ν)
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+ δαβ(−2QδQ¯γ + δγδQ¯νQ¯ν)
))
.
Finally, the contribution of the expression
∫
ddt+dsx ∂¯µ∂¯
µφ(x) δ
2I2(x)
δebα(y)δecγ(z)
(also contained
in the last term of (D.16)) to the vertex is given by:[
δ2I˜2
]
αβγδ
(P,K,Q,L) ≡
1
2
(
−
(
−(δραL¯β − Lβ δ¯ρα)(δγρKˆδ −Kρδˆγδ)− (δργL¯δ
− Lδ δ¯ργ)(−P ρδˆαβ + δαρPˆβ) + iL¯ρ
(
i(−δγρKβ δˆαδ + δγβKρδˆαδ
− δαρPδ δˆγβ + δαδP ρδˆγβ)− i(δβρδγαKˆδ + δαρδγβKˆδ
− δβρKαδˆγδ − δαρKβ δˆγδ)− i(−δδρPγ δˆαβ − δγρPδ δˆαβ
+ δγ
ρδαδPˆβ + δδ
ρδγαPˆβ)
))
Q¯µQ¯
µ − L¯µL¯µ
(
−(δγνKˆδ (D.19)
−Kν δˆγδ)(−δ¯ναQβ + δναQ¯β)− (−P ν δˆαβ + δανPˆβ)(−δ¯νγQδ + δνγQ¯δ)
+ i
(
i(−δγνKβ δˆαδ + δγβKν δˆαδ − δανPδ δˆγβ + δαδP ν δˆγβ)
− i(δβνδγαKˆδ + δανδγβKˆδ − δβνKαδˆγδ − δανKβ δˆγδ)
− i(−δδνPγ δˆαβ − δγνPδ δˆαβ + δγνδαδPˆβ
+ δδ
νδγαPˆβ)
)
Q¯ν
))
.
Using the expressions (D.17)–(D.19) and the standard relations:
δe (x)
δeaµ (y)
∣∣∣∣
flat space
= δa
µδ (x− y) , (D.20)
δ2e (x)
δeaµ (y) δebρ (z)
∣∣∣∣
flat space
= (δµaδ
ρ
b − δµbδρa) δ (x− y) δ (x− z) , (D.21)
the total contribution of SII to the vertex
[
δ2S
]
αβγδ
(P,K,Q,L) can be assembled as
follows:[
δ2SII
]
αβγδ
(P,K,Q,L) =
1
2κδαδδβγL¯µL¯
µQ¯νQ¯
ν − 12κδαβδγδL¯µL¯µQ¯νQ¯ν
+
κ
2
(
Q¯νQ¯
ν [δ (I3)]γδ (K,L) + L¯νL¯
ν [δ (I3)]γδ (K,L)
)
δαβ
+
κ
2
(
Q¯νQ¯
ν [δ (I3)]αβ (P,L) + L¯νL¯
ν [δ (I3)]αβ (P,L)
)
δγδ
− κ
2
(
[δ (I3)]αβ (P,Q) [δ (I3)]γδ (K,L) + [δ (I3)]αβ (P,L) [δ (I3)]γδ (K,Q)
)
− κ
[
δ2I˜1
]
αβγδ
(P,K,Q,L) +
κ
dt
[
δ2I˜2
]
αβγδ
(P,K,Q,L) .
(D.22)
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E Variations of the Anomaly and Trivial Term Densities
In [7], the possible forms of Lifshitz scale anomalies (and the cohomologically trivial terms)
were derived for the case of 2 + 1 dimensions with a dynamical critical exponent of z = 2,
using a cohomological formulation of the Wess-Zumino consistency condition in curved
spacetime. In this appendix we detail the first and second order variations of these anomaly
and trivial term densities33 with respect to the background vielbeins, evaluated in flat
spacetime. These variations are used in conjunction with the anomalous Ward identities
for the flat space correlation functions given in (2.49)–(2.50) to extract the anomaly and
trivial term coefficients in section 5. The appendix is divided into two parts, for the two
and four derivatives sectors respectively.
Throughout this appendix we use the following notation for the Fourier transformed
variation of some scalar X with respect to the vielbeins:
(2pi)dt+dsδ(−P −Q)[δX]αβ (P ) ≡ δbβδαα′FT
[
δX(x)
δebα′ (y)
]
, (E.1)
(2pi)dt+dsδ(−P −K −Q)[δ2X]
αβγδ
(P,K) ≡ δαα′δγγ′δbβδcδ FT
[
δ2X(x)
δebα′ (y) δecγ′ (z)
]
, (E.2)
where the variations are evaluated in flat space, and the Fourier transforms use the con-
ventions (A.21)–(A.22). Note that the expressions in this appendix are all in dt = 1 time
dimension, and therefore the time components of the momenta are given by:
Pˆµ = −Pˆ nµ, Kˆµ = −Kˆnµ, (E.3)
where Pˆ ≡ Pµnµ and Kˆ ≡ Kµnµ, as explained in appendix A.3.
E.1 The Two Derivatives Sector
Taken from [7], this sector contains the following scalar terms:
φ1 = Tr
(
K2S
)
, φ2 = K
2
S , φ3 = LnKS . (E.4)
Out of these terms, the only one which is first order in the background fields is φ3, whose
first order variation with respect to the vielbeins (evaluated in flat space and Fourier
transformed) is given by:
[δφ3]αβ = nαP¯βPˆ − δ¯αβPˆ 2. (E.5)
The second order variations of these terms with respect to the vielbeins (evaluated in
flat space and Fourier transformed) are as follows:[
δ2φ1
]
αβγδ
(P,K) = Kˆnαδ¯βδP¯γ − K¯βnαnγP¯δ + Kˆnαδ¯βγP¯δ − K¯µnαnγ δ¯βδP¯µ
+ K¯βnγ δ¯αδPˆ − Kˆδ¯αδ δ¯βγPˆ + K¯αnγ δ¯βδPˆ − Kˆδ¯αγ δ¯βδPˆ ,
(E.6)
[
δ2φ2
]
αβγδ
(P,K) = −2K¯δnαnγP¯β + 2Kˆnαδ¯γδP¯β + 2K¯δnγ δ¯αβPˆ − 2Kˆδ¯αβ δ¯γδPˆ , (E.7)
33We use the results of the more general non-Frobenius case (See [7] for details and discussion).
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[
δ2φ3
]
αβγδ
(P,K) = −K¯βK¯δnαnγ + 2K¯δKˆnαnβnγ − K¯βKˆnγ δ¯αδ
+ Kˆ2δ¯αδ δ¯βγ + 2K¯βKˆnαδ¯γδ − 2Kˆ2nαnβ δ¯γδ + KˆnαnγnδP¯β
− Kˆnγ δ¯αδP¯β + Kˆnγ δ¯αβP¯δ − Kˆnαδ¯βγP¯δ − nαnγP¯βP¯δ
+ K¯δnαnβnγPˆ − Kˆnγnδ δ¯αβPˆ − K¯βnγ δ¯αδPˆ − K¯δnαδ¯βγPˆ
+ 2Kˆδ¯αδ δ¯βγPˆ + K¯βnαδ¯γδPˆ − Kˆnαnβ δ¯γδPˆ + 2nαnγnδP¯βPˆ
− nγ δ¯αδP¯βPˆ + 2nγ δ¯αβP¯δPˆ − nαδ¯βγP¯δPˆ − 2nγnδ δ¯αβPˆ 2
+ δ¯αδ δ¯βγPˆ
2 − K¯δKˆnαδ¯βγ .
(E.8)
As found in [7], this sector contains a trivial term (coboundary) with the following density:
F1 = −2φ2 − 2φ3, (E.9)
as well as an anomaly term with the following density:
A(2,0,0) = φ1 − 1
2
φ2. (E.10)
The second variation of the trivial term F1 with respect to the vielbeins (evaluated in flat
space and Fourier transformed) is therefore given by the following expression:[
δ2F1
]
αβγδ
(P,K) = 2K¯βK¯δnαnγ − 4K¯δKˆnαnβnγ + 2K¯βKˆnγ δ¯αδ
− 2Kˆ2δ¯αδ δ¯βγ − 4K¯βKˆnαδ¯γδ + 4Kˆ2nαnβ δ¯γδ + 4K¯δnαnγP¯β
− 2KˆnαnγnδP¯β + 2Kˆnγ δ¯αδP¯β − 4Kˆnαδ¯γδP¯β − 2Kˆnγ δ¯αβP¯δ
+ 2Kˆnαδ¯βγP¯δ + 2nαnγP¯βP¯δ − 2K¯δnαnβnγPˆ − 4K¯δnγ δ¯αβPˆ
+ 2Kˆnγnδ δ¯αβPˆ + 2K¯βnγ δ¯αδPˆ + 2K¯δnαδ¯βγPˆ − 4Kˆδ¯αδ δ¯βγPˆ
− 2K¯βnαδ¯γδPˆ + 2Kˆnαnβ δ¯γδPˆ + 4Kˆδ¯αβ δ¯γδPˆ − 4nαnγnδP¯βPˆ
+ 2nγ δ¯αδP¯βPˆ − 4nγ δ¯αβP¯δPˆ + 2nαδ¯βγP¯δPˆ + 4nγnδ δ¯αβPˆ 2
− 2δ¯αδ δ¯βγPˆ 2 + 2K¯δKˆnαδ¯βγ ,
(E.11)
whereas the second variation of the anomaly density A(2,0,0) is given by:[
δ2A(2,0,0)
]
αβγδ
(P,K) = K¯δnαnγP¯β − Kˆnαδ¯γδP¯β + Kˆnαδ¯βδP¯γ
− K¯µnαnγ δ¯βδP¯µ − K¯δnγ δ¯αβPˆ + K¯βnγ δ¯αδPˆ − Kˆδ¯αδ δ¯βγPˆ + K¯αnγ δ¯βδPˆ
− Kˆδ¯αγ δ¯βδPˆ + Kˆδ¯αβ δ¯γδPˆ − K¯βnαnγP¯δ + Kˆnαδ¯βγP¯δ.
(E.12)
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E.2 The Four Derivatives Sector
The independent scalar terms in the four derivatives sector are given in [7]. Out of those,
the ones which are at most second order in the background fields are the following:34
φ1 = Rˆ
2, φ3 = a
α∇¯αRˆ, φ4 = Rˆ∇¯αaα,
φ5 = ∇¯2Rˆ, φ9 =
(∇¯αaα)2, φ10 = ∇¯(αaβ)∇¯(αaβ), φ11 = aα∇¯α∇¯βaβ,
φ12 = ∇¯2∇¯αaα, φ27 = ¯µν∇¯µKA∇¯νKS , φ28 = KA∇¯α∇¯βK˜αβS ,
φ29 = ∇¯αKA∇¯βK˜αβS , φ30 = ∇¯α∇¯βKAK˜αβS , φ32 = ¯µνLn∇¯µKAaν ,
φ33 = ¯
µν∇¯µKALnaν , φ38 = KALn2KA, φ39 = (LnKA)2.
(E.13)
Note that terms which are of higher order in the background fields will not show up in
our analysis, since we consider here only the two and three point correlation functions, as
explained in section 5.
Out of the scalar terms in (E.13), the only ones which are first order in the background
fields are φ5 and φ12. Their first order variations with respect to the vielbeins (evaluated
in flat space and Fourier transformed) are given by:
[δφ5]αβ (P ) = 2P¯αP¯βP¯γP¯
γ − 2δ¯αβP¯γP¯ γP¯δP¯ δ, (E.14)
[δφ12]αβ (P ) = −nαnβP¯γP¯ γP¯δP¯ δ + nβP¯αP¯γP¯ γPˆ . (E.15)
The second order variation of the terms in (E.13) with respect to the vielbeins (evaluated
in flat space and Fourier transformed) are as follows:[
δ2φ1
]
αβγδ
(P,K) = 8K¯γK¯δP¯αP¯β − 8K¯µK¯µδ¯γδP¯αP¯β
+ 8K¯µK¯
µδ¯αβ δ¯γδP¯νP¯
ν − 8K¯γK¯δ δ¯αβP¯µP¯µ,
(E.16)
[
δ2φ3
]
αβγδ
(P,K) = 2KˆnδP¯αP¯βP¯γ − 2K¯γK¯δK¯µnαnβP¯µ − 2K¯µnγnδP¯αP¯βP¯µ
+ 2K¯µK¯
µK¯νnαnβ δ¯γδP¯ν + 2K¯
µnγnδ δ¯αβP¯µP¯νP¯
ν + 2K¯αK¯γK¯δnβPˆ
− 2K¯αK¯µK¯µnβ δ¯γδPˆ − 2Kˆnδ δ¯αβP¯γP¯µP¯µ,
(E.17)
[
δ2φ4
]
αβγδ
(P,K) = 2K¯γKˆnδP¯αP¯β − 2K¯µK¯µnγnδP¯αP¯β
+ 2K¯µK¯
µnγnδ δ¯αβP¯νP¯
ν + 2K¯µK¯
µnαnβ δ¯γδP¯νP¯
ν + 2K¯γK¯δnβP¯αPˆ
− 2K¯µK¯µnβ δ¯γδP¯αPˆ − 2K¯γK¯δnαnβP¯µP¯µ − 2K¯γKˆnδ δ¯αβP¯µP¯µ,
(E.18)
[
δ2φ9
]
αβγδ
(P,K) = −2K¯γKˆnαnβnδP¯µP¯µ + 2K¯µK¯µnαnβnγnδP¯νP¯ ν
− 2K¯µK¯µnβnγnδP¯αPˆ + 2K¯γKˆnβnδP¯αPˆ ,
(E.19)
[
δ2φ10
]
αβγδ
(P,K) = −2K¯µKˆnαnβnδP¯γP¯µ + 2K¯µK¯νnαnβnγnδP¯µP¯ν
+ 2K¯µKˆnβnδ δ¯αγP¯µPˆ − 2K¯αK¯µnβnγnδP¯µPˆ ,
(E.20)
34Note that we changed the notations of ∇˜ and ˜µν from [7] to ∇¯ and ¯µν respectively, to better fit the
notations of this paper.
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[
δ2φ11
]
αβγδ
(P,K) = −K¯γK¯µKˆnαnβnδP¯µ − KˆnαnβnδP¯γP¯µP¯µ
+ K¯µnαnβnγnδP¯µP¯νP¯
ν + K¯αK¯γKˆnβnδPˆ − K¯αK¯µK¯µnβnγnδPˆ
− K¯µnβnγnδP¯αP¯µPˆ + K¯µK¯µK¯νnαnβnγnδP¯ν + KˆnβnδP¯αP¯γPˆ ,
(E.21)
[
δ2φ5
]
αβγδ
(P,K) = −4K¯αK¯βK¯γK¯δ + 4K¯αK¯γK¯δKˆnβ + 2K¯αK¯δK¯µK¯µnβnγ
− 2K¯βK¯δK¯µK¯µδ¯αγ + 2K¯δK¯µK¯µKˆnβ δ¯αγ − 2K¯βK¯γK¯µK¯µδ¯αδ
+ 2K¯γK¯µK¯
µKˆnβ δ¯αδ − 2K¯µK¯µK¯νK¯νnβnγ δ¯αδ
− 2K¯αK¯δK¯µK¯µδ¯βγ + 2K¯µK¯µK¯νK¯ν δ¯αδ δ¯βγ
+ 8K¯αK¯βK¯µK¯
µδ¯γδ − 8K¯αK¯µK¯µKˆnβ δ¯γδ − 2K¯βK¯γK¯δP¯α
+ 2K¯γK¯δKˆnβP¯α + 2K¯δK¯µK¯
µnβnγP¯α − 2K¯δK¯µK¯µδ¯βγP¯α
+ 4K¯βK¯µK¯
µδ¯γδP¯α − 4K¯µK¯µKˆnβ δ¯γδP¯α − 2K¯αK¯γK¯δP¯β
+ 2K¯γK¯µK¯
µnαnδP¯β − 2K¯δK¯µK¯µδ¯αγP¯β − 2K¯γK¯µK¯µδ¯αδP¯β
+ 4K¯αK¯µK¯
µδ¯γδP¯β − K¯βK¯µK¯µnαnδP¯γ + 2K¯δK¯µK¯µδ¯αβP¯γ
− K¯βK¯µK¯µδ¯αδP¯γ + K¯µK¯µKˆnβ δ¯αδP¯γ + K¯αK¯µK¯µδ¯βδP¯γ
+ 2K¯µK¯
µnαnδP¯βP¯γ − 2K¯µK¯µδ¯αδP¯βP¯γ − 2K¯δP¯αP¯βP¯γ
− K¯αK¯µK¯µnβnγP¯δ + 2K¯γK¯µK¯µδ¯αβP¯δ − K¯βK¯µK¯µδ¯αγP¯δ
+ K¯µK¯
µKˆnβ δ¯αγP¯δ − K¯αK¯µK¯µδ¯βγP¯δ − 2K¯µK¯µδ¯βγP¯αP¯δ
− 2K¯µK¯µδ¯αγP¯βP¯δ − 2K¯γP¯αP¯βP¯δ + 4K¯µK¯µδ¯αβP¯γP¯δ
− 4P¯αP¯βP¯γP¯δ + 4K¯αK¯δK¯µnβnγP¯µ + 2K¯γK¯δK¯µδ¯αβP¯µ
− 4K¯βK¯δK¯µδ¯αγP¯µ + 4K¯δK¯µKˆnβ δ¯αγP¯µ − 4K¯βK¯γK¯µδ¯αδP¯µ
+ 4K¯γK¯
µKˆnβ δ¯αδP¯µ − 4K¯αK¯δK¯µδ¯βγP¯µ + 8K¯αK¯βK¯µδ¯γδP¯µ
− 8K¯αK¯µKˆnβ δ¯γδP¯µ + 4K¯δK¯µnβnγP¯αP¯µ − 4K¯δK¯µδ¯βγP¯αP¯µ
+ 4K¯βK¯
µδ¯γδP¯αP¯µ − 4K¯µKˆnβ δ¯γδP¯αP¯µ + 4K¯γK¯µnαnδP¯βP¯µ
− 4K¯δK¯µδ¯αγP¯βP¯µ − 4K¯γK¯µδ¯αδP¯βP¯µ + 4K¯αK¯µδ¯γδP¯βP¯µ
+ 2K¯µδ¯γδP¯αP¯βP¯µ − 2K¯βK¯µnαnδP¯γP¯µ + 4K¯δK¯µδ¯αβP¯γP¯µ
− 2K¯βK¯µδ¯αδP¯γP¯µ + 2K¯µKˆnβ δ¯αδP¯γP¯µ + 2K¯αK¯µδ¯βδP¯γP¯µ
+ 4K¯µnαnδP¯βP¯γP¯µ − 4K¯µδ¯αδP¯βP¯γP¯µ − 2K¯αK¯µnβnγP¯δP¯µ
+ 4K¯γK¯
µδ¯αβP¯δP¯µ − 2K¯βK¯µδ¯αγP¯δP¯µ + 2K¯µKˆnβ δ¯αγP¯δP¯µ
− 2K¯αK¯µδ¯βγP¯δP¯µ − 4K¯µδ¯βγP¯αP¯δP¯µ − 4K¯µδ¯αγP¯βP¯δP¯µ
+ 8K¯µδ¯αβP¯γP¯δP¯µ + 2K¯αK¯δnβnγP¯µP¯
µ − 2K¯βK¯δ δ¯αγP¯µP¯µ
+ 2K¯δKˆnβ δ¯αγP¯µP¯
µ − 2K¯βK¯γ δ¯αδP¯µP¯µ + 2K¯γKˆnβ δ¯αδP¯µP¯µ
− 2K¯αK¯δ δ¯βγP¯µP¯µ + 4K¯αK¯β δ¯γδP¯µP¯µ − 4K¯αKˆnβ δ¯γδP¯µP¯µ
+ 2K¯δnβnγP¯αP¯µP¯
µ − 2K¯δ δ¯βγP¯αP¯µP¯µ + 2K¯β δ¯γδP¯αP¯µP¯µ (E.22)
− 2Kˆnβ δ¯γδP¯αP¯µP¯µ + 2K¯γnαnδP¯βP¯µP¯µ − 2K¯δ δ¯αγP¯βP¯µP¯µ
− 2K¯γ δ¯αδP¯βP¯µP¯µ + 2K¯αδ¯γδP¯βP¯µP¯µ − K¯βnαnδP¯γP¯µP¯µ
+ 4K¯δ δ¯αβP¯γP¯µP¯
µ − K¯β δ¯αδP¯γP¯µP¯µ + Kˆnβ δ¯αδP¯γP¯µP¯µ
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+ K¯αδ¯βδP¯γP¯µP¯
µ + 2nαnδP¯βP¯γP¯µP¯
µ − 2δ¯αδP¯βP¯γP¯µP¯µ
− K¯αnβnγP¯δP¯µP¯µ + 4K¯γ δ¯αβP¯δP¯µP¯µ − K¯β δ¯αγP¯δP¯µP¯µ
+ Kˆnβ δ¯αγP¯δP¯µP¯
µ − K¯αδ¯βγP¯δP¯µP¯µ − 2δ¯βγP¯αP¯δP¯µP¯µ
− 2δ¯αγP¯βP¯δP¯µP¯µ + 8δ¯αβP¯γP¯δP¯µP¯µ − 5K¯µK¯µK¯νnβnγ δ¯αδP¯ν
− K¯µK¯µK¯νnαnδ δ¯βγP¯ν + 7K¯µK¯µK¯ν δ¯αδ δ¯βγP¯ν
− K¯µK¯µK¯ν δ¯αγ δ¯βδP¯ν − 4K¯µK¯µK¯ν δ¯αβ δ¯γδP¯ν
− 2K¯µK¯νnβnγ δ¯αδP¯µP¯ν − 2K¯µK¯νnαnδ δ¯βγP¯µP¯ν
+ 6K¯µK¯ν δ¯αδ δ¯βγP¯µP¯ν − 2K¯µK¯ν δ¯αγ δ¯βδP¯µP¯ν
− 4K¯µK¯ν δ¯αβ δ¯γδP¯µP¯ν − 2K¯µK¯µnβnγ δ¯αδP¯νP¯ ν
− 2K¯µK¯µnαnδ δ¯βγP¯νP¯ ν + 4K¯µK¯µδ¯αδ δ¯βγP¯νP¯ ν
− K¯µnβnγ δ¯αδP¯µP¯νP¯ ν − 5K¯µnαnδ δ¯βγP¯µP¯νP¯ ν
+ 7K¯µδ¯αδ δ¯βγP¯µP¯νP¯
ν − K¯µδ¯αγ δ¯βδP¯µP¯νP¯ ν
− 4K¯µδ¯αβ δ¯γδP¯µP¯νP¯ ν − 2nαnδ δ¯βγP¯µP¯µP¯νP¯ ν
+ 2δ¯αδ δ¯βγP¯µP¯
µP¯νP¯
ν − 2K¯γK¯µK¯µnδ δ¯αβPˆ
+ K¯βK¯µK¯
µnδ δ¯αγPˆ + K¯αK¯µK¯
µnδ δ¯βγPˆ + 2K¯µK¯
µnδ δ¯βγP¯αPˆ
+ 2K¯µK¯
µnδ δ¯αγP¯βPˆ + 2K¯γnδP¯αP¯βPˆ − 4K¯µK¯µnδ δ¯αβP¯γPˆ
+ 4nδP¯αP¯βP¯γPˆ − 4K¯γK¯µnδ δ¯αβP¯µPˆ + 2K¯βK¯µnδ δ¯αγP¯µPˆ
+ 2K¯αK¯
µnδ δ¯βγP¯µPˆ + 4K¯
µnδ δ¯βγP¯αP¯µPˆ + 4K¯
µnδ δ¯αγP¯βP¯µPˆ
− 8K¯µnδ δ¯αβP¯γP¯µPˆ − 4K¯γnδ δ¯αβP¯µP¯µPˆ + K¯βnδ δ¯αγP¯µP¯µPˆ
+ K¯αnδ δ¯βγP¯µP¯
µPˆ + 2nδ δ¯βγP¯αP¯µP¯
µPˆ + 2nδ δ¯αγP¯βP¯µP¯
µPˆ
− 8nδ δ¯αβP¯γP¯µP¯µPˆ ,[
δ2φ12
]
αβγδ
(P,K) = −2K¯αK¯βK¯γKˆnδ − K¯βK¯γK¯µK¯µnαnδ + 2K¯αK¯γKˆ2nβnδ
+ K¯γK¯µK¯
µKˆnαnβnδ + 4K¯αK¯βK¯µK¯
µnγnδ − 3K¯αK¯µK¯µKˆnβnγnδ
− K¯µK¯µK¯νK¯νnαnβnγnδ − K¯βK¯µK¯µKˆnδ δ¯αγ + K¯µK¯µKˆ2nβnδ δ¯αγ
− K¯αK¯µK¯µKˆnδ δ¯βγ + K¯µK¯µK¯νK¯νnαnδ δ¯βγ − K¯βK¯γKˆnδP¯α
+ K¯γKˆ
2nβnδP¯α + 2K¯βK¯µK¯
µnγnδP¯α − K¯µK¯µKˆnβnγnδP¯α
− K¯µK¯µKˆnδ δ¯βγP¯α − K¯αK¯γKˆnδP¯β + 2K¯αK¯µK¯µnγnδP¯β
− K¯µK¯µKˆnδ δ¯αγP¯β + K¯δK¯µK¯µnαnβP¯γ − K¯βK¯µK¯µnαnδP¯γ
+ K¯µK¯
µKˆnαnβnδP¯γ + K¯µK¯
µKˆnδ δ¯αβP¯γ + K¯γK¯µK¯
µnαnβP¯δ
− K¯αK¯µK¯µnβnγP¯δ − K¯µK¯µnβnγP¯αP¯δ + 2K¯µK¯µnαnβP¯γP¯δ
− 2K¯βK¯γK¯µnαnδP¯µ + 2K¯γK¯µKˆnαnβnδP¯µ + 4K¯αK¯βK¯µnγnδP¯µ
− 2K¯αK¯µKˆnβnγnδP¯µ + K¯γK¯µKˆnδ δ¯αβP¯µ − 2K¯βK¯µKˆnδ δ¯αγP¯µ
+ 2K¯µKˆ2nβnδ δ¯αγP¯µ − 2K¯αK¯µKˆnδ δ¯βγP¯µ + 2K¯βK¯µnγnδP¯αP¯µ
− 2K¯µKˆnδ δ¯βγP¯αP¯µ + 2K¯αK¯µnγnδP¯βP¯µ − 2K¯µKˆnδ δ¯αγP¯βP¯µ
+ 2K¯δK¯
µnαnβP¯γP¯µ − 2K¯βK¯µnαnδP¯γP¯µ + 2K¯µKˆnαnβnδP¯γP¯µ
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+ 2K¯µKˆnδ δ¯αβP¯γP¯µ + 2K¯γK¯
µnαnβP¯δP¯µ − 2K¯αK¯µnβnγP¯δP¯µ
− 2K¯µnβnγP¯αP¯δP¯µ + 4K¯µnαnβP¯γP¯δP¯µ − K¯βK¯γnαnδP¯µP¯µ
+ K¯γKˆnαnβnδP¯µP¯
µ + 2K¯αK¯βnγnδP¯µP¯
µ − K¯αKˆnβnγnδP¯µP¯µ
− K¯βKˆnδ δ¯αγP¯µP¯µ + Kˆ2nβnδ δ¯αγP¯µP¯µ − K¯αKˆnδ δ¯βγP¯µP¯µ
+ K¯βnγnδP¯αP¯µP¯
µ − Kˆnδ δ¯βγP¯αP¯µP¯µ + K¯αnγnδP¯βP¯µP¯µ (E.23)
− Kˆnδ δ¯αγP¯βP¯µP¯µ + 2K¯δnαnβP¯γP¯µP¯µ − K¯βnαnδP¯γP¯µP¯µ
+ KˆnαnβnδP¯γP¯µP¯
µ + Kˆnδ δ¯αβP¯γP¯µP¯
µ + 2K¯γnαnβP¯δP¯µP¯
µ
− K¯αnβnγP¯δP¯µP¯µ − nβnγP¯αP¯δP¯µP¯µ + 4nαnβP¯γP¯δP¯µP¯µ
− 4K¯µK¯µK¯νnαnβnγnδP¯ν − 2K¯µK¯µK¯νnγnδ δ¯αβP¯ν
+ K¯µK¯
µK¯νnβnγ δ¯αδP¯ν + 3K¯µK¯
µK¯νnαnδ δ¯βγP¯ν
− K¯µK¯µK¯νnαnβ δ¯γδP¯ν − 4K¯µK¯νnαnβnγnδP¯µP¯ν
− 2K¯µK¯νnγnδ δ¯αβP¯µP¯ν + 2K¯µK¯νnβnγ δ¯αδP¯µP¯ν
+ 2K¯µK¯νnαnδ δ¯βγP¯µP¯ν − 2K¯µK¯νnαnβ δ¯γδP¯µP¯ν
− 2K¯µK¯µnαnβnγnδP¯νP¯ ν + K¯µK¯µnβnγ δ¯αδP¯νP¯ ν
+ K¯µK¯
µnαnδ δ¯βγP¯νP¯
ν − 4K¯µnαnβnγnδP¯µP¯νP¯ ν
− K¯µnγnδ δ¯αβP¯µP¯νP¯ ν + 3K¯µnβnγ δ¯αδP¯µP¯νP¯ ν
+ K¯µnαnδ δ¯βγP¯µP¯νP¯
ν − 2K¯µnαnβ δ¯γδP¯µP¯νP¯ ν
− nαnβnγnδP¯µP¯µP¯νP¯ ν + nβnγ δ¯αδP¯µP¯µP¯νP¯ ν
+ K¯αK¯µK¯
µnβnγnδPˆ − K¯δK¯µK¯µnβ δ¯αγPˆ − K¯γK¯µK¯µnβ δ¯αδPˆ
+ K¯αK¯µK¯
µnβ δ¯γδPˆ + K¯µK¯
µnβnγnδP¯αPˆ − K¯µK¯µnαnβnδP¯γPˆ
− K¯µK¯µnβ δ¯αδP¯γPˆ − K¯δnβP¯αP¯γPˆ − K¯µK¯µnβ δ¯αγP¯δPˆ
− K¯γnβP¯αP¯δPˆ − 2nβP¯αP¯γP¯δPˆ + 2K¯αK¯µnβnγnδP¯µPˆ
− 2K¯δK¯µnβ δ¯αγP¯µPˆ − 2K¯γK¯µnβ δ¯αδP¯µPˆ + 2K¯αK¯µnβ δ¯γδP¯µPˆ
+ 2K¯µnβnγnδP¯αP¯µPˆ + K¯
µnβ δ¯γδP¯αP¯µPˆ − 2K¯µnαnβnδP¯γP¯µPˆ
− 2K¯µnβ δ¯αδP¯γP¯µPˆ − 2K¯µnβ δ¯αγP¯δP¯µPˆ − K¯γnαnβnδP¯µP¯µPˆ
+ K¯αnβnγnδP¯µP¯
µPˆ − K¯δnβ δ¯αγP¯µP¯µPˆ − K¯γnβ δ¯αδP¯µP¯µPˆ
+ K¯αnβ δ¯γδP¯µP¯
µPˆ + nβnγnδP¯αP¯µP¯
µPˆ − 3nαnβnδP¯γP¯µP¯µPˆ
− nβ δ¯αδP¯γP¯µP¯µPˆ − nβ δ¯αγP¯δP¯µP¯µPˆ + K¯µK¯µnβnδ δ¯αγPˆ 2
+ K¯γnβnδP¯αPˆ
2 + 2nβnδP¯αP¯γPˆ
2 + 2K¯µnβnδ δ¯αγP¯µPˆ
2
+ nβnδ δ¯αγP¯µP¯
µPˆ 2,[
δ2φ27
]
αβγδ
(P,K) = −12K¯µK¯µnαnδP¯βP¯γ + 12K¯δK¯µnβnγP¯αP¯µ
− 12K¯µKˆnβ δ¯γδP¯αP¯µ + 12K¯γK¯µnαnδP¯βP¯µ − 12K¯αK¯δnβnγP¯µP¯µ
+ 12K¯µK¯
µnδ δ¯αβP¯γPˆ − 12K¯γK¯µnδ δ¯αβP¯µPˆ + 12K¯αKˆnβ δ¯γδP¯µP¯µ,
(E.24)
– 60 –
[
δ2φ28
]
αβγδ
(P,K) = −12K¯αK¯δKˆnβP¯γ − 12K¯αK¯γKˆnβP¯δ
+ 12K¯δK¯
µKˆnβ δ¯αγP¯µ +
1
2K¯γK¯
µKˆnβ δ¯αδP¯µ
− 12K¯µK¯µK¯νnβnγ δ¯αδP¯ν − 12K¯µnαnδ δ¯βγP¯µP¯νP¯ ν
− 12K¯αnδP¯βP¯γPˆ + 12K¯µnδ δ¯βγP¯αP¯µPˆ + 12K¯µnδ δ¯αγP¯βP¯µPˆ
+ 12K¯αK¯µK¯
µnβnγP¯δ +
1
2K¯βnαnδP¯γP¯µP¯
µ − 12K¯βnδP¯αP¯γPˆ ,
(E.25)
[
δ2φ29
]
αβγδ
(P,K) = −14K¯δKˆnβP¯αP¯γ − 14K¯µK¯µnαnδP¯βP¯γ − 14K¯γKˆnβP¯αP¯δ
+ 14K¯µK¯
µnβnγP¯αP¯δ − 12K¯αKˆnβP¯γP¯δ + 14K¯δK¯µnβnγP¯αP¯µ
+ 14K¯γK¯
µnαnδP¯βP¯µ +
1
4K¯βK¯
µnαnδP¯γP¯µ +
1
4K¯
µKˆnβ δ¯αδP¯γP¯µ
+ 14K¯αK¯
µnβnγP¯δP¯µ +
1
4K¯
µKˆnβ δ¯αγP¯δP¯µ − 14K¯αK¯δnβnγP¯µP¯µ
+ 14K¯βK¯γnαnδP¯µP¯
µ + 14K¯δKˆnβ δ¯αγP¯µP¯
µ + 14K¯γKˆnβ δ¯αδP¯µP¯
µ
− 14K¯µK¯νnβnγ δ¯αδP¯µP¯ν − 14K¯µK¯νnαnδ δ¯βγP¯µP¯ν
− 14K¯µK¯µnβnγ δ¯αδP¯νP¯ ν − 14K¯µK¯µnαnδ δ¯βγP¯νP¯ ν − 14K¯βK¯γnδP¯αPˆ
+ 14K¯µK¯
µnδ δ¯βγP¯αPˆ − 14K¯αK¯γnδP¯βPˆ + 14K¯µK¯µnδ δ¯αγP¯βPˆ
− 12K¯αK¯βnδP¯γPˆ + 14K¯βK¯µnδ δ¯αγP¯µPˆ + 14K¯αK¯µnδ δ¯βγP¯µPˆ ,
(E.26)
[
δ2φ30
]
αβγδ
(P,K) = −12K¯βK¯µK¯µnαnδP¯γ − KˆnβP¯αP¯γP¯δ
+ 12Kˆnβ δ¯αδP¯γP¯µP¯
µ − 12K¯αnβnγP¯δP¯µP¯µ + 12Kˆnβ δ¯αγP¯δP¯µP¯µ
− 12K¯µK¯µK¯νnαnδ δ¯βγP¯ν − 12K¯µnβnγ δ¯αδP¯µP¯νP¯ ν − K¯αK¯βK¯γnδPˆ
+ 12K¯βK¯µK¯
µnδ δ¯αγPˆ +
1
2K¯αK¯µK¯
µnδ δ¯βγPˆ + K¯βK¯γK¯
µnαnδP¯µ
+ K¯µnβnγP¯αP¯δP¯µ,
(E.27)
[
δ2φ33
]
αβγδ
(P,K) = −12Kˆ2nβnδP¯αP¯γ + 12K¯µKˆnβnγnδP¯αP¯µ
+ 12Kˆ
2nβnδ δ¯αγP¯µP¯
µ − 12K¯µK¯µnαnβnδP¯γPˆ + 12K¯γK¯µnαnβnδP¯µPˆ
− 12K¯αK¯γnβnδPˆ 2 + 12K¯µK¯µnβnδ δ¯αγPˆ 2 − 12K¯αKˆnβnγnδP¯µP¯µ,
(E.28)
[
δ2φ38
]
αβγδ
(P,K) = −14K¯αKˆ2nβnδP¯γ + 14K¯µKˆ2nβnδ δ¯αγP¯µ
+ 14K¯
µnβnδ δ¯αγP¯µPˆ
2 − 14K¯αnβnδP¯γPˆ 2,
(E.29)
[
δ2φ39
]
αβγδ
(P,K) = −12K¯αKˆnβnδP¯γPˆ + 12K¯µKˆnβnδ δ¯αγP¯µPˆ , (E.30)
As found in [7], this sector contains 12 independent trivial terms (coboundaries). The
10 of them which are at most second order in the background fields have the following
densities:35
F1 = −8Φ3 − 4φ4 − 4φ5 + . . . ,
F2 = −4φ3 − 4φ4 − 4φ10 − 4φ11 + 8φ31 − 8φ32 − 8φ39 + . . . ,
F3 = 2φ4 − 2φ5 + 2φ9 + 4φ10 + 8φ11 + 2φ12 − 8φ31 + 8φ32 + 8φ39 + . . . ,
35The expressions in equations (E.31)–(E.32) are taken from equations (D.12)–(D.13) in [7]. The ellipsis
(. . .) in these expressions stands for terms which are more than second order in the background fields, i.e.
terms whose second order variations with respect to the vielbeins vanish in flat space. These terms will
therefore not contribute to the two and three point anomalous Ward identities.
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F5 = −2φ2 + 4φ9 − 4φ10 + 8φ31 − 8φ32 − 8φ39 + . . . ,
F6 = 2φ3 + 2φ4 − 2φ9 + 8φ10 + 10φ11 + 4φ12 − 16φ31
+ 12φ32 − 8φ33 − 24φ38 + . . . , (E.31)
F8 = −2φ27 − 2φ32 − 2φ33 − 4φ38 − 4φ39 + . . . ,
F9 = 2φ27 + 2φ32 + 2φ33 + . . . ,
F10 = 2φ28 + 4φ29 + 2φ30 + . . . ,
F11 = −2φ28 − 2φ29 + . . . ,
F12 = 2φ27 + 2φ32 + 2φ33 − 4φ38 − 4φ39 + . . . .
This sector also contains 4 independent anomaly terms. The 3 of them which are at most
second order in the background fields have the following densities:
A2(0,4,0) = φ38 + . . . = KALn2KA + . . . ,
A3(0,4,0) = φ30 + . . . = K˜αβS ∇¯α∇¯βKA + . . . ,
A4(0,4,0) = φ1 + 2φ4 + φ9 =
(
Rˆ+ ∇¯αaα
)2
.
(E.32)
The second variations of these anomaly and trivial term densities can now be obtained
from linear combinations of the expressions (E.16)–(E.30).
Finally, we give here the complete result for the anomalous contribution to the three
point Ward identity (2.50) in the four derivative sector:
− δαα′δγγ′δfδ δeβ
[
W(3)W
]α′γ′
ef
(Q,P,K)
∣∣∣∣
nD=4
=
− κ
1/2αK¯αK¯βK¯γKˆnδ
12pi
− κ
1/2αK¯βK¯γK¯µK¯
µnαnδ
24pi
+
κ1/2αK¯αK¯γKˆ
2nβnδ
12pi
+
κ1/2αK¯γK¯µK¯
µKˆnαnβnδ
24pi
+
κ1/2αK¯αK¯βK¯µK¯
µnγnδ
6pi
− κ
1/2αK¯αK¯µK¯
µKˆnβnγnδ
8pi
− κ
1/2αK¯µK¯
µK¯νK¯
νnαnβnγnδ
24pi
− κ
1/2αK¯βK¯µK¯
µKˆnδ δ¯αγ
24pi
+
κ1/2αK¯µK¯
µKˆ2nβnδ δ¯αγ
24pi
− κ
1/2αK¯αK¯µK¯
µKˆnδ δ¯βγ
24pi
+
κ1/2αK¯µK¯
µK¯νK¯
νnαnδ δ¯βγ
24pi
− κ
1/2αK¯βK¯γKˆnδP¯α
24pi
+
κ1/2αK¯γKˆ
2nβnδP¯α
24pi
+
κ1/2αK¯βK¯µK¯
µnγnδP¯α
12pi
− κ
1/2αK¯µK¯
µKˆnβnγnδP¯α
24pi
− κ
1/2αK¯µK¯
µKˆnδ δ¯βγP¯α
24pi
− κ
1/2αK¯αK¯γKˆnδP¯β
24pi
+
κ1/2αK¯αK¯µK¯
µnγnδP¯β
12pi
− κ
1/2αK¯µK¯
µKˆnδ δ¯αγP¯β
24pi
+
κ1/2αK¯γKˆnδP¯αP¯β
18pi
− κ
1/2αK¯µK¯
µnγnδP¯αP¯β
18pi
+
κ1/2αK¯αK¯δKˆnβP¯γ
24pi
+
κ1/2αK¯δK¯µK¯
µnαnβP¯γ
24pi
− κ
1/2αK¯βK¯µK¯
µnαnδP¯γ
24pi
+
7κ1/2αK¯αKˆ
2nβnδP¯γ
120pi
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− κ
1/2αK¯µK¯
µKˆnαnβnδP¯γ
60pi
+
κ1/2αK¯µK¯
µKˆnδ δ¯αβP¯γ
24pi
+
κ1/2αK¯δKˆnβP¯αP¯γ
72pi
+
κ1/2αK¯βKˆnδP¯αP¯γ
72pi
+
κ1/2αKˆ2nβnδP¯αP¯γ
60pi
+
κ1/2αK¯αKˆnδP¯βP¯γ
72pi
+
κ1/2αK¯µK¯
µnαnδP¯βP¯γ
36pi
+
κ1/2αKˆnδP¯αP¯βP¯γ
12pi
+
κ1/2αK¯αK¯γKˆnβP¯δ
24pi
+
κ1/2αK¯γK¯µK¯
µnαnβP¯δ
24pi
− κ
1/2αK¯αK¯µK¯
µnβnγP¯δ
12pi
+
κ1/2αK¯γKˆnβP¯αP¯δ
72pi
− κ
1/2αK¯µK¯
µnβnγP¯αP¯δ
18pi
+
κ1/2αK¯αKˆnβP¯γP¯δ
18pi
+
κ1/2αK¯µK¯
µnαnβP¯γP¯δ
9pi
− κ
1/2αK¯γK¯δK¯
µnαnβP¯µ
12pi
− κ
1/2αK¯βK¯γK¯
µnαnδP¯µ
12pi
+
κ1/2αK¯γK¯
µKˆnαnβnδP¯µ
60pi
+
κ1/2αK¯αK¯βK¯
µnγnδP¯µ
6pi
− κ
1/2αK¯αK¯
µKˆnβnγnδP¯µ
12pi
+
κ1/2αK¯γK¯
µKˆnδ δ¯αβP¯µ
24pi
− κ
1/2αK¯δK¯
µKˆnβ δ¯αγP¯µ
24pi
− κ
1/2αK¯βK¯
µKˆnδ δ¯αγP¯µ
12pi
+
κ1/2αK¯µKˆ2nβnδ δ¯αγP¯µ
40pi
− κ
1/2αK¯γK¯
µKˆnβ δ¯αδP¯µ
24pi
− κ
1/2αK¯αK¯
µKˆnδ δ¯βγP¯µ
12pi
− κ
1/2αK¯δK¯
µnβnγP¯αP¯µ
36pi
+
κ1/2αK¯βK¯
µnγnδP¯αP¯µ
18pi
− κ
1/2αK¯µKˆnβnγnδP¯αP¯µ
60pi
− 5κ
1/2αK¯µKˆnδ δ¯βγP¯αP¯µ
72pi
+
κ1/2αK¯µKˆnβ δ¯γδP¯αP¯µ
72pi
− κ
1/2αK¯γK¯
µnαnδP¯βP¯µ
36pi
+
κ1/2αK¯αK¯
µnγnδP¯βP¯µ
18pi
− 5κ
1/2αK¯µKˆnδ δ¯αγP¯βP¯µ
72pi
− κ
1/2αK¯µnγnδP¯αP¯βP¯µ
12pi
+
κ1/2αK¯δK¯
µnαnβP¯γP¯µ
18pi
− κ
1/2αK¯βK¯
µnαnδP¯γP¯µ
9pi
− κ
1/2αK¯µKˆnαnβnδP¯γP¯µ
20pi
+
κ1/2αK¯µKˆnδ δ¯αβP¯γP¯µ
18pi
− κ
1/2αK¯µKˆnβ δ¯αδP¯γP¯µ
36pi
+
κ1/2αK¯γK¯
µnαnβP¯δP¯µ
18pi
− κ
1/2αK¯αK¯
µnβnγP¯δP¯µ
9pi
− κ
1/2αK¯µKˆnβ δ¯αγP¯δP¯µ
36pi
− κ
1/2αK¯µnβnγP¯αP¯δP¯µ
12pi
+
κ1/2αK¯µnαnβP¯γP¯δP¯µ
6pi
− κ
1/2αK¯γK¯δnαnβP¯µP¯
µ
18pi
+
κ1/2αK¯αK¯δnβnγP¯µP¯
µ
36pi
− κ
1/2αK¯βK¯γnαnδP¯µP¯
µ
18pi
+
κ1/2αK¯γKˆnαnβnδP¯µP¯
µ
120pi
+
κ1/2αK¯αK¯βnγnδP¯µP¯
µ
9pi
− κ
1/2αK¯αKˆnβnγnδP¯µP¯
µ
40pi
− κ
1/2αK¯γKˆnδ δ¯αβP¯µP¯
µ
18pi
− κ
1/2αK¯δKˆnβ δ¯αγP¯µP¯
µ
72pi
− κ
1/2αK¯βKˆnδ δ¯αγP¯µP¯
µ
18pi
+
κ1/2αKˆ2nβnδ δ¯αγP¯µP¯
µ
40pi
− κ
1/2αK¯γKˆnβ δ¯αδP¯µP¯
µ
72pi
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− κ
1/2αK¯αKˆnδ δ¯βγP¯µP¯
µ
18pi
− κ
1/2αK¯αKˆnβ δ¯γδP¯µP¯
µ
72pi
+
κ1/2αK¯βnγnδP¯αP¯µP¯
µ
24pi
− κ
1/2αKˆnδ δ¯βγP¯αP¯µP¯
µ
24pi
+
κ1/2αK¯αnγnδP¯βP¯µP¯
µ
24pi
− κ
1/2αKˆnδ δ¯αγP¯βP¯µP¯
µ
24pi
+
κ1/2αK¯δnαnβP¯γP¯µP¯
µ
12pi
− κ
1/2αK¯βnαnδP¯γP¯µP¯
µ
12pi
− κ
1/2αKˆnαnβnδP¯γP¯µP¯
µ
12pi
− κ
1/2αKˆnδ δ¯αβP¯γP¯µP¯
µ
24pi
+
κ1/2αK¯γnαnβP¯δP¯µP¯
µ
12pi
− κ
1/2αK¯αnβnγP¯δP¯µP¯
µ
24pi
− κ
1/2αnβnγP¯αP¯δP¯µP¯
µ
24pi
+
κ1/2αnαnβP¯γP¯δP¯µP¯
µ
6pi
− κ
1/2αK¯µK¯
µK¯νnαnβnγnδP¯ν
24pi
− κ
1/2αK¯µK¯
µK¯νnγnδ δ¯αβP¯ν
12pi
+
κ1/2αK¯µK¯
µK¯νnβnγ δ¯αδP¯ν
12pi
+
κ1/2αK¯µK¯
µK¯νnαnδ δ¯βγP¯ν
8pi
+
κ1/2αK¯µK¯
µK¯νnαnβ δ¯γδP¯ν
24pi
− κ
1/2αK¯µK¯νnαnβnγnδP¯µP¯ν
30pi
− κ
1/2αK¯µK¯νnγnδ δ¯αβP¯µP¯ν
18pi
+
κ1/2αK¯µK¯νnβnγ δ¯αδP¯µP¯ν
9pi
+
κ1/2αK¯µK¯νnαnδ δ¯βγP¯µP¯ν
9pi
− κ
1/2αK¯µK¯νnαnβ δ¯γδP¯µP¯ν
18pi
− κ
1/2αK¯µK¯
µnαnβnγnδP¯νP¯
ν
20pi
+
κ1/2αK¯µK¯
µnγnδ δ¯αβP¯νP¯
ν
18pi
+
κ1/2αK¯µK¯
µnβnγ δ¯αδP¯νP¯
ν
18pi
+
κ1/2αK¯µK¯
µnαnδ δ¯βγP¯νP¯
ν
18pi
+
κ1/2αK¯µK¯
µnαnβ δ¯γδP¯νP¯
ν
18pi
− κ
1/2αK¯µnαnβnγnδP¯µP¯νP¯
ν
24pi
(E.33)
+
κ1/2αK¯µnγnδ δ¯αβP¯µP¯νP¯
ν
24pi
+
κ1/2αK¯µnβnγ δ¯αδP¯µP¯νP¯
ν
8pi
+
κ1/2αK¯µnαnδ δ¯βγP¯µP¯νP¯
ν
12pi
− κ
1/2αK¯µnαnβ δ¯γδP¯µP¯νP¯
ν
12pi
− κ
1/2αnαnβnγnδP¯µP¯
µP¯νP¯
ν
24pi
+
κ1/2αnβnγ δ¯αδP¯µP¯
µP¯νP¯
ν
24pi
+
κ1/2αK¯αK¯γK¯δnβPˆ
12pi
+
κ1/2αK¯αK¯γKˆnβnδPˆ
15pi
− κ
1/2αK¯αK¯µK¯
µnβnγnδPˆ
12pi
− κ
1/2αK¯δK¯µK¯
µnβ δ¯αγPˆ
24pi
+
7κ1/2αK¯µK¯
µKˆnβnδ δ¯αγPˆ
120pi
− κ
1/2αK¯γK¯µK¯
µnβ δ¯αδPˆ
24pi
− κ
1/2αK¯αK¯µK¯
µnβ δ¯γδPˆ
24pi
+
κ1/2αK¯γK¯δnβP¯αPˆ
18pi
+
κ1/2αK¯βK¯γnδP¯αPˆ
72pi
+
κ1/2αK¯γKˆnβnδP¯αPˆ
30pi
+
κ1/2αK¯µK¯
µnβnγnδP¯αPˆ
120pi
− κ
1/2αK¯µK¯
µnδ δ¯βγP¯αPˆ
72pi
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− κ
1/2αK¯µK¯
µnβ δ¯γδP¯αPˆ
18pi
+
κ1/2αK¯αK¯γnδP¯βPˆ
72pi
− κ
1/2αK¯µK¯
µnδ δ¯αγP¯βPˆ
72pi
+
κ1/2αK¯αK¯δnβP¯γPˆ
72pi
+
κ1/2αK¯αK¯βnδP¯γPˆ
18pi
+
κ1/2αK¯αKˆnβnδP¯γPˆ
10pi
− κ
1/2αK¯µK¯
µnαnβnδP¯γPˆ
40pi
− κ
1/2αK¯µK¯
µnδ δ¯αβP¯γPˆ
72pi
− κ
1/2αK¯µK¯
µnβ δ¯αδP¯γPˆ
18pi
− κ
1/2αK¯δnβP¯αP¯γPˆ
24pi
+
κ1/2αK¯βnδP¯αP¯γPˆ
24pi
+
κ1/2αKˆnβnδP¯αP¯γPˆ
15pi
+
κ1/2αK¯αnδP¯βP¯γPˆ
24pi
+
κ1/2αK¯αK¯γnβP¯δPˆ
72pi
− κ
1/2αK¯µK¯
µnβ δ¯αγP¯δPˆ
18pi
− κ
1/2αK¯γnβP¯αP¯δPˆ
24pi
− κ
1/2αnβP¯αP¯γP¯δPˆ
12pi
− κ
1/2αK¯γK¯
µnαnβnδP¯µPˆ
60pi
− κ
1/2αK¯αK¯
µnβnγnδP¯µPˆ
20pi
+
κ1/2αK¯γK¯
µnδ δ¯αβP¯µPˆ
72pi
− 5κ
1/2αK¯δK¯
µnβ δ¯αγP¯µPˆ
72pi
− κ
1/2αK¯βK¯
µnδ δ¯αγP¯µPˆ
36pi
+
κ1/2αK¯µKˆnβnδ δ¯αγP¯µPˆ
30pi
− 5κ
1/2αK¯γK¯
µnβ δ¯αδP¯µPˆ
72pi
− κ
1/2αK¯αK¯
µnδ δ¯βγP¯µPˆ
36pi
+
κ1/2αK¯αK¯
µnβ δ¯γδP¯µPˆ
18pi
+
κ1/2αK¯µnβnγnδP¯αP¯µPˆ
60pi
− κ
1/2αK¯µnδ δ¯βγP¯αP¯µPˆ
24pi
+
κ1/2αK¯µnβ δ¯γδP¯αP¯µPˆ
24pi
− κ
1/2αK¯µnδ δ¯αγP¯βP¯µPˆ
24pi
− κ
1/2αK¯µnαnβnδP¯γP¯µPˆ
12pi
− κ
1/2αK¯µnβ δ¯αδP¯γP¯µPˆ
12pi
− κ
1/2αK¯µnβ δ¯αγP¯δP¯µPˆ
12pi
− κ
1/2αK¯γnαnβnδP¯µP¯
µPˆ
24pi
− κ
1/2αK¯αnβnγnδP¯µP¯
µPˆ
60pi
− κ
1/2αK¯δnβ δ¯αγP¯µP¯
µPˆ
24pi
+
7κ1/2αKˆnβnδ δ¯αγP¯µP¯
µPˆ
120pi
− κ
1/2αK¯γnβ δ¯αδP¯µP¯
µPˆ
24pi
+
κ1/2αK¯αnβ δ¯γδP¯µP¯
µPˆ
24pi
+
κ1/2αnβnγnδP¯αP¯µP¯
µPˆ
24pi
− κ
1/2αnαnβnδP¯γP¯µP¯
µPˆ
8pi
− κ
1/2αnβ δ¯αδP¯γP¯µP¯
µPˆ
24pi
− κ
1/2αnβ δ¯αγP¯δP¯µP¯
µPˆ
24pi
+
κ1/2αK¯αK¯γnβnδPˆ
2
60pi
+
κ1/2αK¯µK¯
µnβnδ δ¯αγPˆ
2
40pi
+
κ1/2αK¯γnβnδP¯αPˆ
2
24pi
+
7κ1/2αK¯αnβnδP¯γPˆ
2
120pi
+
κ1/2αnβnδP¯αP¯γPˆ
2
12pi
+
κ1/2αK¯µnβnδ δ¯αγP¯µPˆ
2
40pi
+
κ1/2αnβnδ δ¯αγP¯µP¯
µPˆ 2
24pi
.
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